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Personnel Planning and Leadership as Central Personnel Economic Instruments 

Kim Michelle Siegling, Thomas Spengler and Sebastian Herzog1 

Abstract 

Economic activity always involves the allocation of scarce goods to competing uses. Among 

these scarce goods is also the personnel of the enterprise. Personnel economics therefore also 

has to make such allocation decisions with respect to the availability of personnel and with 

respect to the functionality of personnel. For this purpose, two sets of instruments are used, 

namely personnel planning and leadership. This article is dedicated to a selection of such in-

struments. Beyond selected relevant basics of personnel planning and leadership, this article 

introduces hierarchical personnel planning and the conception of fuzzy rule systems for the 

selection of appropriate leadership styles. 
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1 Preliminary remarks 

Human resources problems arise when business owners are unwilling or unable to carry out all 

the activities required to achieve the purpose of the business themselves and therefore wish to 

delegate activities to agents. Those agents who are provided with employment contracts are 

referred to in their entirety as the personnel of the business. The two main personnel manage-

ment problems are the availability problem and the functionality problem. 

To solve availability problems, one chooses measures of personnel planning and to solve func-

tionality problems, one chooses those of leadership. Personnel planning methods deal with 

availability problems, whereas functionality problems are faced within leadership. 

In Chapter 2, we look at personnel planning. To this end, we first explain general and formal 

basics. We then formulate various models for optimizing personnel and personnel assignment 

in crisp situations. We place particular emphasis on hierarchical planning. Subsequently, we 

construct hierarchical planning models for the fuzzy case. 

Chapter 3 is devoted to leadership. Here, too, we first deal with terminological and systematical 

basics, addressing, among other things, effective, efficient and optimal leadership. We then look 

at selected concepts of leadership. These include various models for leadership style selection 

and so-called management by ... concepts. At the end of the third chapter, we outline a new 

fuzzy rule system for leadership style selection. 

The paper ends with a short conclusion (chapter 4). 

2 Personnel planning 

2.1 Basics of personnel planning 

2.1.1 General principles of personnel planning 

The availability problem is about creating and securing the availability of personnel. In the 

context of this problem, it is therefore a matter of having the right employees at the right time 

and in the right place to a sufficient extent to cover the company's personnel demands. This in 

turn means that personnel are adequately provided and that the personnel provided are ade-

quately used. The most rational solution possible to the availability problem requires appropri-

ate (personnel) planning. The term "personnel planning" can be defined in different ways. How-

ever, we do not want to present them here in their breadth, but rather define personnel planning 

in a narrower sense, namely as an ordered, information-processing procedure, in the course of 

which the characteristics of personnel variables are determined with foresight in such a way 
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that desired operational goals are achieved. In principle, all potential design alternatives in the 

area of personnel availability problems - such as the hiring, release, training, promotion or as-

signment of employees - can be considered as personnel variables. Furthermore, we consider 

here the so-called categorial and not the individual level, i.e. we deal with categories of work 

forces on the one hand and with categories of activities on the other hand, whereby work force 

categories can be differentiated e.g. according to qualification types or (service) age groups and 

activity categories e.g. according to activity types or job types. One speaks then also of the so-

called collective personnel planning. 

The problem areas of personnel planning are personnel demand, personnel and personnel as-

signment. Personnel demands are defined as the type and number of workers needed in a given 

period and location, while personnel is defined as the type and number of workers available in 

a given period and location. Personnel assignment is the allocation of the labor force available 

in a given period and location to organizational units or activities. It should be explicitly em-

phasized here that personnel demand and personnel must be kept neatly apart, because there is 

sometimes a significant difference between the staff needed and the staff available. The differ-

ence between needing personnel and having personnel can be as serious as the difference be-

tween needing money and having money. Four dimensions are relevant for the three problem 

areas, because in each case it must be clarified which manpower (qualitative dimension), to 

what extent (quantitative dimension), when (temporal dimension) and where (local dimension) 

is needed, provided and used (see figure 1). 

 

Figure 1: Dimensions of personnel planning and examples of differentiation 
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The three problem areas of personnel demand (PD), personnel (P) and assigned personnel (AP) 

must be coordinated with each other. For this purpose, the so-called implicit and the so-called 

explicit approach of personnel planning are basically two procedures to be considered. If the 

implicit approach is used, the personnel demand and the personnel are directly coordinated with 

each other by requiring that the personnel demands can at least be covered by the provision of 

a sufficiently suitable workforce (𝑃𝐷 ≤ 𝑃). The explicit approach, on the other hand, takes 

place in two steps and explicitly takes into account personnel levels. In the first step, it is re-

quired that all personnel demands are exactly covered by the assignment of sufficiently quali-

fied personnel (𝑃𝐷 = 𝐴𝑃); over- and under-coverage of personnel demands are thus excluded 

(for economic reasons), e.g., to avoid productivity losses in the case of over-coverage (because 

too "many cooks spoil the broth") or contractual penalties in the case of under-coverage. In the 

second step, personnel assignment and personnel are coordinated with each other. Here it is 

required that at least as much suitable personnel must be available as is planned for assignment 

or that no more personnel can be assigned than is available (𝐴𝑃 ≤ 𝑃). 

Let us now consider four exemplary cases in which the following applies: There are two types 

of activity to be performed (𝑞 = 1 and 𝑞 = 2). The company employs workers of three catego-

ries (𝑟 = 1, 𝑟 = 2 and 𝑟 = 3), which are differentiated by qualifications. Workers of type 𝑟 =

1 can only perform activities of type 𝑞 = 1, workers of type 𝑟 = 2 can only perform activities 

of type 𝑞 = 2 and workers of type 𝑟 = 3 can perform both types of activities. For both types of 

activities, a total of thirty workers are required and a total of thirty workers are available in the 

company. If one designates the personnel demand for the completion of activities of the kind q 

with 𝑃𝐷𝑞 and the personnel with workers of the kind r with 𝑃𝑟, then 𝑃𝐷1 + 𝑃𝐷2 = 𝑃1 + 𝑃2 +

𝑃3 = 30 applies obviously. 

If, for example, the personnel demands are 𝑃𝐷1 = 20 and 𝑃𝐷2 = 10, then according to the 

constraint system of the explicit approach, a personnel configuration with 𝑃1 = 18, 𝑃2 = 11 

and 𝑃3 = 1 is inadmissible and a personnel configuration with 𝑃1 = 20, 𝑃2 = 5 and 𝑃3 = 5 is 

permissible. If, however, 𝑃𝐷1 = 19 and 𝑃𝐷2 = 11 apply to the distribution of personnel de-

mands, the (in)admissibility of the personnel levels is reversed (see table 1), whereby, of course, 

only in the cases of admissibility, permissible personnel assignment plans can be found. 
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𝑃𝐷1; 𝑃𝐷2 

(20;10) (19;11) 

𝑃1; 𝑃2; 𝑃3 
(20;5;5) permissible inadmissible 

(18;11;1) inadmissible permissible 

Table 1: Inadmissible and permissible personnel 

The permissible personnel assignment schedules for which the constraints both of type 𝑃𝐷 ≤

𝑃 and 𝑃𝐷 = 𝐴𝑃 as well as  𝐴𝑃 ≤ 𝑃 are fulfilled are listed in table 2a and table 2b. For the other 

two constellations, no assignments of the AP variables are found that satisfy these constraints. 

 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑃𝐷𝑞   𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑃𝐷𝑞 

𝑞 = 1 20 - 0 20  𝑞 = 1 18 - 1 19 

𝑞 = 2 - 5 5 10  𝑞 = 2 - 11 0 11 

𝑃𝑟 20 5 5   𝑃𝑟 18 11 1  

Table 2a: Permissible personnel assignments Table 2b: Permissible personnel assignments 

To conclude the introductory considerations, we would like to briefly discuss the necessity of 

personnel planning. Personnel planning problems arise in a non-trivial way whenever ambigu-

ities exist with respect to at least one of the above-mentioned dimensions. They arise, for ex-

ample, when several categories of workers can be provided for the completion of one and the 

same type of activity and/or when one and the same type of worker can be used for the com-

pletion of several types of activity. Such ambiguities concerning the qualitative dimension are 

called deployment ambiguities in the first case and use ambiguities in the second case. How-

ever, personnel planning problems also arise, for example, if - and this is the rule in many 

companies - several workers or types of workers are deployed in several shifts or according to 

several shift patterns (temporal dimension) or if they can be assigned to several branches (local 

dimension). 

2.1.2 Formal basics of personnel planning 

As already stated, in personnel planning, three problem fields must be coordinated: personnel 

demand, personnel and assigned personnel. We understand personnel (demand) as type and 

number of available (required) employees, and assigned personnel as the number of employees 

of type 𝑟 who cover personnel demands of type 𝑞. We define the following symbols: 

𝑄 ≔ {𝑞|𝑞 = 1,2, … , 𝑄; 𝑞 is a personnel demand type, e. g. a category of jobs} 

𝑅 ≔ {𝑟|𝑟 = 1,2, … , 𝑅; 𝑟 is a personnel type, e. g. a type of qualifications}  
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𝑅𝑞 ≔ {𝑟|personnel types 𝑟 are capable of covering personnel demand type 𝑞} 

𝑄𝑟 ≔ {𝑟|personnel demand type 𝑞 can be covered by personnel type 𝑟} 

𝑃𝐷𝑞 ≔ personnel demand of type 𝑞 ∈ 𝑄 

𝑃𝑟 ≔ personnel of type 𝑟 ∈ 𝑅 

𝐴𝑃𝑟𝑞 ≔ assigned personnel of type 𝑟 ∈ 𝑅 for covering personnel demand of type 𝑞 ∈ 𝑄 

𝕻 ≔ power set 

∅ ≔ empty set 

The explicit or implicit approach of personnel planning can be applied to coordinate these three 

problem fields. The explicit approach explicitly takes into account the assignment of personnel 

and ensures that the personnel demands are exactly covered by the assigned personnel (1) and 

that the number of assigned personnel cannot be greater than the personnel (2): 

𝑃𝐷𝑞 = ∑ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                                     (1) 

∑ 𝐴𝑃𝑟𝑞
𝑞∈𝑄𝑟

≤ 𝑃𝑟 ∀ 𝑟 ∈ 𝑅                                                                                                                          (2) 

The so-called implicit approach does not explicitly consider the assignment of personnel, but 

only implicitly. At least one permissible personnel schedule can be derived from it (if there 

exists one at all). It requires that every partial personnel demand and any combination of partial 

personnel demands can at least be covered by sufficiently suitable employees (3): 

∑𝑃𝐷𝑞
𝑞∈�̂�

≤ ∑ 𝑃𝑟
𝑟∈⋃ 𝑅𝑞𝑞∈�̂�

 ∀ �̂� ∈ 𝕻(𝑄)\∅                                                                                             (3) 

2.2 Optimization of personnel and assigned personnel in deterministic situations 

2.2.1 Basic models 

Optimization models always consist of (at least) one objective function and several constraints. 

The constraint space of the models to be formulated here always contains either the implicit or 

the explicit approach. In a first model, the goal is to minimize the personnel costs that depend 

on r. We define 𝑤𝑟 as labor cost for a worker of type 𝑟. In addition, we use the implicit approach. 
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Model I:2 

∑𝑤𝑟 ∙ 𝑃𝑟
𝑟∈𝑅

→ min!                                                                                                                                  (4) 

subject to: 

∑𝑃𝐷𝑞
𝑞∈�̂�

≤ ∑ 𝑃𝑟
𝑟∈⋃ 𝑅𝑞𝑞∈�̂�

 ∀ �̂� ∈ 𝕻(𝑄)\∅                                                                                             (3) 

𝑃𝑟 ≥ 0    ∀ 𝑟 ∈ 𝑅                                                                                                                                      (5) 

We formulate the objective function to minimize personnel costs. With a total of 2𝑄 − 1 con-

straints of type (3) we guarantee the coverage of the personnel demands. Since the different 

activities are to be carried out simultaneously, we must guarantee the coverage of all single 

personnel demands and all their combinations. Model I leads to the same optimal values of the 

personnel variables as the following Model II, in which the explicit approach is used. 

Model II:3 

∑𝑤𝑟 ∙ 𝑃𝑟
𝑟∈𝑅

→ min!                                                                                                                                  (4) 

subject to: 

𝑃𝐷𝑞 = ∑ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                                     (1) 

∑ 𝐴𝑃𝑟𝑞
𝑞∈𝑄𝑟

≤ 𝑃𝑟 ∀ 𝑟 ∈ 𝑅                                                                                                                          (2) 

𝑃𝑟 ≥ 0    ∀ 𝑟 ∈ 𝑅                                                                                                                                      (5) 

𝐴𝑃𝑟𝑞 ≥ 0    ∀ 𝑟 ∈ 𝑅, 𝑞 ∈ 𝑄𝑟                                                                                                                   (6) 

When using Model II, we receive additional information. This model additionally generates the 

optimal personnel assignment plan. The Q constraints of type (1) guarantee the exact coverage 

of the personnel demands by the personnel assignment for all activities 𝑞 ∈ 𝑄. The other type 

(2) constraints require that no more employees can be used than are available. 

                                                 

 

2 See the example in the appendix. 
3 See the example in the appendix. 
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2.2.2 Introduction to hierarchical structured models 

Planning models (not least in personnel planning) can very quickly become very complex, so 

that their optimizing solution requires immense effort or even becomes impossible. It is then 

necessary to solve the complex decision problem not simultaneously in a total model, but to 

sequentialize it and to formulate partial models. If one has to solve for example a complex 

procurement planning, production planning and sales planning problem, one can make possibly 

first the procurement, then the production and only at the end the sales planning. Or, if one has 

to solve a multi-period decision problem, one could plan first the first, then the second and so 

on and at the end the last period. The problem with such a successive approach, however, is 

that it cuts the interdependencies between the sub-areas and does not take them into account 

simultaneously, which usually destroys the overall optimum. Models of so-called hierarchical 

planning, on the other hand, are so cleverly formulated that such negative effects of partializa-

tion are avoided (Anderson/Joglekar 2005, Schneeweiß 1998). 

It is obvious that the explicit and the implicit approach of personnel planning and their combi-

nation can be used for exactly such problems. Using the implicit approach, the optimal person-

nel is generated, which is then used as a datum in the explicit approach. The fact that no overall 

optimum is destroyed corresponds to the basic idea of hierarchical planning. In the further 

course of this chapter, we will now formulate corresponding models for different planning sit-

uations. 

We first determine the optimal personnel 𝑃𝑟
𝑜𝑝𝑡

 by solving Model I. This solution is then inte-

grated as data into Model III in the next step. 

Model III: 

∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞𝑞∈𝑄

→ min!                                                                                                                    (7) 

subject to (1), (6) and: 

∑ 𝐴𝑃𝑟𝑞
𝑞∈𝑄𝑟

≤ 𝑃𝑟
𝑜𝑝𝑡
 ∀ 𝑟 ∈ 𝑅                                                                                                                      (8) 

Since no personnel variables are used in this model, we have to apply objective function (7), 

which is based on personnel assignment variables. We get the same solution via Model III as 

via Model II. Especially in situations with multi-period problems and different possibilities to 
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change the personnel (e.g. by hiring and firing), such hierarchical planning can be very useful 

to reduce the model size. 

2.2.3 Hierarchical structured models including productivity factors 

2.2.3.1 Single period models 

2.2.3.1.1 Productivity factors depending only on the skills of the employees 

We now vary the above problem definition in such a way that the employee categories are 

characterized by different productivity factors that depend on the employee capabilities. Such 

factors take values close to 1. We assign them the symbol 𝛼𝑟. For example, if  𝛼𝑟 = 0.8 (1.1), 

this means that employees in category 𝑟 are 80% (110%) productive compared to an average 

capable employee. In this case, we can derive the optimal personnel and the optimal personnel 

assignment from a combination of Models IV and V below. Model IV includes an extended 

version of the implicit approach and leads to the optimum of the personnel variables. 

Model IV:4 

∑𝑤𝑟 ∙ 𝑃𝑟
𝑟∈𝑅

→ min!                                                                                                                                  (4) 

subject to (5) and: 

∑𝑃𝐷𝑞
𝑞∈�̂�

≤ ∑ 𝛼𝑟 ∙ 𝑃𝑟
𝑟∈⋃ 𝑅𝑞𝑞∈�̂�

 ∀ �̂� ∈ 𝕻(𝑄)\∅                                                                                     (9) 

As already stated, we now denote the optimal specifications of the personnel variables by 𝑃𝑟
𝑜𝑝𝑡

. 

They are into account as data in Model V: 

Model V:5 

∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞𝑞∈𝑄

→ min!                                                                                                                    (7) 

subject to (6), (8) and: 

𝑃𝐷𝑞 = ∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                           (10) 

                                                 

 

4 See the example in the appendix. 
5 See the example in the appendix. 
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In such simple cases, where personnel is not restricted in any way (e.g. by hiring limits), con-

straint (8) is redundant. One can then generate the optimal personnel only by solving Model V 

(without (8)) and inserting it into the following equation: 

∑ 𝐴𝑃𝑟𝑞
𝑞∈𝑄𝑟

= 𝑃𝑟    ∀ 𝑟 ∈ 𝑅                                                                                                                     (11) 

We have demonstrated this procedure of hierarchical planning in this section of the study, since 

it is still very simple and the principle does not need to be changed even in more complex 

situations (e.g., in the dynamic case or when the personnel variables are restricted). 

2.2.3.1.2 Productivity factors depending on the skills of the employees and on the assigned 

activities 

Now, we assume, that the productivity factors (𝛼𝑟𝑞) depend on the personnel categories r as 

well as on the types of activities q. These factors effect, that the implicit approach is not still 

available. Nevertheless we can generate the optimal solution using a hierarchical structured 

process. This process bases on a special version of Model III (Model VI) with an inserted check-

ing criterion. This checking criterion (12) deduces the personnel (for all categories 𝑟) one can 

get in the worst case, that is when activities of type q are carried out by employees of (only) 

one category r completely: 

𝑃𝑟
∗
= ∑

1

𝛼𝑟𝑞
𝑞∈𝑄𝑟

∙ 𝑃𝐷𝑞   ∀  𝑟 ∈ 𝑅                                                                                                           (12) 

After calculating the worst case personnel, we bring 𝑃𝑟
∗
 as a datum into Model VI and compare 

it with the upper recruitment limit 𝐻𝑟
𝑚𝑎𝑥 (14). 

Model VI: 

∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞𝑞∈𝑄

→ min!                                                                                                                    (7) 

subject to (6) and: 

𝑃𝐷𝑞 = ∑ 𝛼𝑟𝑞 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                         (13) 

∑ 𝐴𝑃𝑟𝑞
𝑞∈𝑄𝑟

≤ min (𝑃𝑟
∗
, 𝐻𝑟

𝑚𝑎𝑥) ∀ 𝑟 ∈ 𝑅                                                                                             (14) 
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If 𝑃𝑟
∗
 is smaller than or equal as 𝐻𝑟

𝑚𝑎𝑥 for any r, the regarding constraint (14) is redundant. We 

only have to take (14) into account, if 𝐻𝑟
𝑚𝑎𝑥 is a real bound. The optimum for the personnel we 

however get by calculating equation (11) in the last step. 

2.2.3.2 Multi period models 

Now, we consider a planning situation, which concerns more than one period. The set of periods 

we denote with 

𝑇 ≔ {𝑡|𝑡 = 1,2, … , 𝑇; 𝑡 is a single period in the planning horizon} 

If the productivity factors depend only on the skills of the employees, we can generate the 

optimal personnel and personnel assignment by applying the same process as in the static case. 

First we solve a model based on the implicit approach (Model VII), then we bring the optimal 

personnel (as data 𝑃𝑟𝑡
𝑜𝑝𝑡

) into a model based on the explicit approach (Model VIII). 

Model VII: 

∑∑𝑤𝑟
𝑟∈𝑅

∙ 𝑃𝑟𝑡
𝑡∈𝑇

→ min!                                                                                                                       (15) 

subject to: 

∑𝑃𝐷𝑞𝑡
𝑞∈�̂�

≤ ∑ 𝛼𝑟 ∙ 𝑃𝑟𝑡
𝑟∈⋃ 𝑅𝑞𝑞∈�̂�

 ∀ �̂� ∈ 𝕻(𝑄)\∅ , 𝑡 ∈ 𝑇                                                                   (16) 

𝑃𝑟𝑡 ≥ 0    ∀ 𝑟 ∈ 𝑅 , 𝑡 ∈ 𝑇                                                                                                                     (17) 

Model VIII: 

∑∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞𝑡
𝑟∈𝑅𝑞𝑞∈𝑄𝑡∈𝑇

→ min!                                                                                                         (18) 

subject to: 

𝑃𝐷𝑞𝑡 = ∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞𝑡
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄 , 𝑡 ∈ 𝑇                                                                                           (19) 

∑ 𝐴𝑃𝑟𝑞𝑡
𝑞∈𝑄𝑟

≤ 𝑃𝑟𝑡
𝑜𝑝𝑡
 ∀ 𝑟 ∈ 𝑅 , 𝑡 ∈ 𝑇                                                                                                     (20) 

𝐴𝑃𝑟𝑞𝑡 ≥ 0   ∀ 𝑟 ∈ 𝑅, 𝑞 ∈ 𝑄𝑟 , 𝑡 ∈ 𝑇                                                                                                   (21) 
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While in this case the deduction of the optimal solution is very simple, the next case, where the 

productivity factors depend on the skills of the employees and on the activity types, is more 

complicated. In dynamic situations, the personnel can be computed by calculating the following 

equation: 

𝑃𝑟𝑡 = ∑(ℎ𝑟𝑡′ − 𝑓𝑟𝑡′)

𝑡

𝑡′=1

 ∀ 𝑟 ∈ 𝑅 , 𝑡 ∈ 𝑇                                                                                            (22) 

with ℎ𝑟𝑡: = number of employees of type r hired at the beginning of period t 

 𝑓𝑟𝑡: = number of employees of type r fired at the beginning of period t 

If neither hiring nor firing of employees leads to any cost, we can generate the solution by 

application of an extended version of Model VI (Model IX). The following equation serves as 

an upstream check criterion: 

𝑃𝑟𝑡
∗
= ∑

1

𝛼𝑟𝑞
𝑞∈𝑄𝑟

∙ 𝑃𝐷𝑞𝑡   ∀ 𝑟 ∈ 𝑅 , 𝑡 ∈ 𝑇                                                                                            (23) 

Model IX: 

∑∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞𝑡
𝑟∈𝑅𝑞𝑞∈𝑄𝑡∈𝑇

→ min!                                                                                                         (18) 

subject to (21) and: 

𝑃𝐷𝑞𝑡 = ∑ 𝛼𝑟𝑞 ∙ 𝐴𝑃𝑟𝑞𝑡
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄 , 𝑡 ∈ 𝑇                                                                                         (24) 

∑ 𝐴𝑃𝑟𝑞𝑡
𝑞∈𝑄𝑟

≤ min (𝑃𝑟𝑡
∗
, 𝐻𝑟𝑡

𝑚𝑎𝑥) ∀ 𝑟 ∈ 𝑅, 𝑡 ∈ 𝑇                                                                              (25) 

If 𝑃𝑟𝑡
∗
≤ ∑ 𝐻𝑟𝑡′

𝑚𝑎𝑥𝑡
𝑡′=1  for any r and for any t, the regarding constraint (25) is redundant (see (14) 

in Model VI). Computing the following equation 

∑ 𝐴𝑃𝑟𝑞𝑡 = 𝑃𝑟𝑡
𝑞∈𝑄𝑟

 ∀ 𝑟 ∈ 𝑅, 𝑡 ∈ 𝑇                                                                                                        (26) 

we get the optimal personnel. But in situations where hiring and firing incur costs, this multistep 

process can generate optimal personnel only by accident, because neglecting costs synchronizes 

personnel and personnel demands. This implies that this type of sequentialization is unsuitable 

for such situations. Then we must either use the explicit approach in the original version or the 
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powerful concept of fuzzy sets, where the productivity factors 𝛼𝑟𝑞 are transformed into fuzzy 

factors �̃�𝑟. 

2.3 Hierarchical structured models in fuzzy situations 

2.3.1 Introduction 

2.3.1.1 Basics 

In real situations the decision maker often has to deal with a fuzzy environment, that is fuzzy 

data (terminological vagueness) and fuzzy relations (relational vagueness) must be processed. 

Due to this we construct personnel planning models in situations by the above mentioned as-

sumptions, but no more in the deterministic case. 

A fuzzy set is defined as follows (Zadeh 1965, Zimmermann 1987): If 𝑋 = {𝑥|𝑥 = 1,… , 𝑋} is 

a classical set, then a fuzzy set 𝐴 ̃in 𝑋 is a set of ordered pairs: 

�̃� = {(𝑥, 𝜇�̃�(𝑥))|𝑥 ∈ 𝑋}     with 𝜇�̃�: 𝑋 → ℝ0
+  

𝜇�̃� is the so-called membership function, ℝ0
+ is the membership space. 𝜇�̃�(𝑥) is the degree of 

membership of 𝑥 in �̃�. Afterwards we only use normalized fuzzy sets, which are characterized 

by 𝜇�̃�(𝑥) ∈ [0,1]   ∀ 𝑥 ∈ 𝑋. 

Now we modify the situation by assuming that the personnel demands and the productivity 

factors (only depending on r) are fuzzy data. We also assume, that both are defined as so-called 

flat fuzzy numbers (fuzzy intervals) of LR-type (Dubois/Prade 1978). This assumption is usu-

ally made in literature, because the computation of this type of fuzzy intervals is very easy 

(Rommelfanger 1989a, 1989b). We now define the following symbols: 

𝑃�̃�𝑞 = (𝑃𝐷𝑞; 𝑃𝐷𝑞;  𝛽𝑞; 𝛽𝑞) ≔ fuzzy personnel demand of type 𝑞 ∈ 𝑄 ;  𝑃𝐷𝑞  (𝑃𝐷𝑞) is the 

left (right) support point on the 1 −membership level;  𝛽𝑞 (𝛽𝑞)  is the left (right) spread 

(LR-fuzzy interval) 6 

�̃�𝑟 = (𝛼𝑟; 𝛼𝑟;  𝑎𝑟; 𝑎𝑟) ≔ fuzzy productivity factor of employee type 𝑟 ∈ 𝑅 ; 𝛼𝑟 (𝛼𝑟) is the 

left (right) support point on the 1 − membership level;  𝑎𝑟(𝑎𝑟) is the left (right) spread 

                                                 

 

6 The degree of membership between the supporting values is 1. Below and above the spreads it’s 0. 
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(LR-fuzzy interval) 

𝑥𝑃𝐷𝑞 ≔ Characteristic of personnel demand 𝑃𝐷𝑞 

𝜇𝑃�̃�𝑞 ≔ Membership function of fuzzy personnel demand of 𝑃�̃�𝑞 

𝑥𝛼𝑟 ≔ Characteristic of productivity factor 𝛼𝑟 

𝜇�̃�𝑟 ≔ Membership function of fuzzy productivity factor �̃�𝑟 

The membership functions may be visualized graphically as follows:7 

 

 

Figure 2: Membership function 𝜇𝑃�̃�𝑞 

 

Figure 3: Membership function 𝜇�̃�𝑟 

                                                 

 

7 For the sake of simplicity we only use fuzzy sets with linear membership functions in the present paper (Garcia-

Aguado/Verdegay 1993, Rommelfanger 1990). 
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In the described situation we have to solve Model X, which is based on the fuzzy explicit ap-

proach. A suitable fuzzy implicit procedure doesn't exist, because it would lead to a valid and 

optimal personnel assignment-plan only by accident. 

Model X: 

∑ ∑ 𝑤𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞𝑞∈𝑄

→ min!                                                                                                                    (7) 

subject to: (2), (6) and 

𝑃�̃�𝑞 =̃ ∑ �̃�𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                           (27) 

To process constraint (27) we have to replace it by (27a) and (27b): 

𝑃�̃�𝑞 ≤̃ ∑ �̃�𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                         (27a) 

𝑃�̃�𝑞 ≥̃ ∑ �̃�𝑟 ∙ 𝐴𝑃𝑟𝑞
𝑟∈𝑅𝑞

 ∀ 𝑞 ∈ 𝑄                                                                                                        (27b) 

Both constraints claim, that the fuzzy personnel demand is satisfied as well as possible. If we 

would generate a solution which deviates from the support values on the 1-level than we had to 

evaluate this deviation. In prominent fuzzy linear programming procedures this evaluation is 

made by constructing a 'fuzzy utility function' (Rommelfanger 1989a, 1989b). For this purpose 

we create two fuzzy sets denoted by �̃�𝑞
𝑙𝑏 and �̃�𝑞

𝑢𝑏. Their membership functions are denoted by 

𝜇�̃�𝑞𝑙𝑏 (∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞𝑟∈𝑅𝑞 ) and 𝜇�̃�𝑞𝑢𝑏 (∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞𝑟∈𝑅𝑞 ).  

They are expressions for the evaluation of utility in the case, that the personnel demand is sat-

isfied by the quantity ∑ 𝛼𝑟𝑟∈𝑅𝑞 ∙ 𝐴𝑃𝑟𝑞 resp. ∑ 𝛼𝑟𝑟∈𝑅𝑞 ∙ 𝐴𝑃𝑟𝑞. We now define 

𝑔𝑞
𝑙𝑏 ≔ ∑ 𝛼𝑟

𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞 

𝑔𝑞
𝑢𝑏 ≔ ∑ 𝛼𝑟

𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞 

𝑑𝑞
𝑙𝑏 , 𝑑𝑞

𝑢𝑏 ≔ deviation tolerance parameters chosen by the decision maker,with 𝑑𝑞
𝑙𝑏 ≤ 𝛽𝑞 

  and  𝑑𝑞
𝑢𝑏 ≤ 𝛽

𝑞
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𝜇�̃�𝑞𝑙𝑏(𝑔𝑞
𝑙𝑏) =

{
 
 

 
 
0                                   if 𝑔𝑞

𝑙𝑏 < 𝑃𝐷𝑞 − 𝑑𝑞
𝑙𝑏

𝑔𝑞
𝑙𝑏 − (𝑃𝐷𝑞 − 𝑑𝑞

𝑙𝑏)

𝑑𝑞
𝑙𝑏   if  𝑃𝐷𝑞 − 𝑑𝑞

𝑙𝑏 ≤ 𝑔𝑞
𝑙𝑏 <

1                                   if 𝑃𝐷𝑞 ≤ 𝑔𝑞
𝑙𝑏

𝑃𝐷𝑞  

If ∑ 𝛼𝑟𝑟∈𝑅𝑞 ∙ 𝐴𝑃𝑟𝑞 is higher than or equal as (smaller than) 𝑃𝐷𝑞 (𝑃𝐷𝑞 − 𝑑𝑞
𝑙𝑏), this leads to com-

plete (none) satisfaction of the decision maker (at all). 

𝜇�̃�𝑞𝑢𝑏(𝑔𝑞
𝑢𝑏) =

{
 
 

 
 

1 −

0                    if 𝑔𝑞
𝑢𝑏 > 𝑃𝐷𝑞 + 𝑑𝑞

𝑢𝑏

𝑔𝑞
𝑢𝑏 − 𝑃𝐷𝑞

𝑑𝑞
𝑢𝑏  if  𝑃𝐷𝑞 + 𝑑𝑞

𝑢𝑏 ≥ 𝑔𝑞
𝑢𝑏 >

1                    if 𝑃𝐷𝑞 ≥ 𝑔𝑞
𝑢𝑏

𝑃𝐷𝑞 

If ∑ 𝛼𝑟𝑟∈𝑅𝑞 ∙ 𝐴𝑃𝑟𝑞 is smaller than or equal as (higher than) 𝑃𝐷𝑞 (𝑃𝐷𝑞 + 𝑑𝑞
𝑢𝑏), this leads to 

complete (none) satisfaction of the decision maker (at all). 

Each constraint of type (27a) ((27b)) is now replaced by a new constraint (28) ((30)) and by a 

goal (29) ((31)): 

∑(𝛼𝑟 − 𝑎𝑟) ∙

𝑟∈𝑅𝑞

𝐴𝑃𝑟𝑞 ≥ 𝑃𝐷𝑞 − 𝛽𝑞   ∀ 𝑞 ∈ 𝑄                                                                                  (28) 

𝜇�̃�𝑞𝑙𝑏 (∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞) → max!                                                                                                          (29) 

∑(𝛼𝑟 + 𝑎𝑟)

𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞 ≤ 𝑃𝐷𝑞 + 𝛽𝑞      ∀ 𝑞 ∈ 𝑄                                                                               (30) 

𝜇�̃�𝑞𝑢𝑏 (∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞) → max!                                                                                                         (31) 

Now we can replace Model X with the Multi-objective Optimization Model XI: 

Model XI: 
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(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 −(∑ ∑ 𝑤𝑟

𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞
𝑞∈𝑄

)

𝜇�̃�𝑞=1𝑙𝑏 (∑ 𝛼𝑟
𝑟∈𝑅1

∙ 𝐴𝑃𝑟1)

⋮

𝜇�̃�𝑞=𝑄
𝑙𝑏 (∑ 𝛼𝑟

𝑟∈𝑅𝑄

∙ 𝐴𝑃𝑟𝑄)

𝜇�̃�𝑞=1𝑢𝑏 (∑ 𝛼𝑟
𝑟∈𝑅1

∙ 𝐴𝑃𝑟1)

⋮

𝜇�̃�𝑞=𝑄
𝑢𝑏 (∑ 𝛼𝑟

𝑟∈𝑅𝑄

∙ 𝐴𝑃𝑟𝑄)

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

→ max!                                                                                               (32) 

subject to (2), (5), (6), (28), (30)  

2.3.1.2 Preparatory models 

To generate an optimal compromise solution of Model XI8, not the objective function (7), but 

a corresponding utility assessment of the decision maker is used. For this purpose we define the 

fuzzy set �̃� = {(𝑤, 𝜇�̃�(𝑤))} of satisfying values of (7) (denoted by w). First, we solve two 

preparatory models (XII and XIII). Model XII leads to the absolute best solution 𝑤 and Model 

XIII to the absolute worst solution 𝑤: 

Model XII:9 

∑ ∑ 𝑤𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞
𝑞∈𝑄

→ min!                                                                                                                    (7) 

subject to (2), (5), (6), (28), (30)  

Model XIII:10 

∑ ∑ 𝑤𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞
𝑞∈𝑄

→ min!                                                                                                                    (7) 

                                                 

 

8 Here we use the algorithm FULPAL by Rommelfanger (1989a,1989b, 1990). 
9 See the example in the appendix. 
10 See the example in the appendix. 
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subject to (2), (5), (6), (28), (30) and 

∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞 ≥ 𝑃𝐷𝑞   ∀ 𝑞 ∈ 𝑄                                                                                                          (33) 

∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞 ≤ 𝑃𝐷𝑞   ∀ 𝑞 ∈ 𝑄                                                                                                         (34) 

Since Model XIII is more restrictive than Model XII, the relation 𝑤 ≤ 𝑤 is valid. 

2.3.1.3 Compromise solution 

In Model X, we aim to achieve three goals ((7), (29), (31)) simultaneously. This implies the 

search for a compromise solution if these three goals are in conflict. By applying Models XII 

and XIII, we obtain reference points for possible wage costs. Solutions that result in costs that 

are lower (higher) than 𝑤 (𝑤) lead to complete (to none) satisfaction of the decision maker (at 

all). Now we can define the membership function for �̃� as follows: 

𝜇�̃�(𝑤) =  {1 −

0          if  𝑤 > 𝑤
𝑤 − 𝑤

𝑤 − 𝑤
         if  𝑤 ≤ 𝑤 ≤ 𝑤 

1         if  𝑤 < 𝑤

 

With reference to the relevant literature (Bellman/Zadeh 1970, Negoita/Sularia 1976) the com-

promise model is shaped as follows, where 𝜆 denotes the compromise value, which is normal-

ized from 0 to 1 (𝜆 is the minimum utility): 

Model XIV:11 

𝜆 → max!                                                                                                                                               (35) 

subject to (2), (5), (6), (28), (30) and 

𝜆 ≤ 𝜇�̃�(𝑤)                                                                                                                                              (36) 

𝜆 ≤ 𝜇�̃�𝑞𝑙𝑏 (∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞)     ∀ 𝑞 ∈ 𝑄                                                                                             (37) 

𝜆 ≤ 𝜇�̃�𝑞𝑢𝑏 (∑ 𝛼𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞)     ∀ 𝑞 ∈ 𝑄                                                                                            (38) 

                                                 

 

11 See the example in the appendix. 
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𝜆 ≥ 0                                                                                                                                                       (39) 

With reference to the membership functions mentioned above we can substitute (36), (37) and 

(38) by (40), (41) and (42): 

(𝑤 − 𝑤) ∙ 𝜆 +∑ ∑ 𝑤𝑟
𝑟∈𝑅𝑞

∙ 𝐴𝑃𝑟𝑞
𝑞∈𝑄

≤ 𝑤                                                                                             (40) 

𝑑𝑞
𝑙𝑏 ∙ 𝜆 − ∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞

𝑟∈𝑅𝑞

≤ −(𝑃𝐷𝑞 − 𝑑𝑞
𝑙𝑏)     ∀  𝑞 ∈ 𝑄                                                                  (41) 

𝑑𝑞
𝑢𝑏 ∙ 𝜆 + ∑ 𝛼𝑟 ∙ 𝐴𝑃𝑟𝑞

𝑟∈𝑅𝑞

≤ 𝑃𝐷𝑞 + 𝑑𝑞
𝑢𝑏     ∀  𝑞 ∈ 𝑄                                                                        (42) 

2.3.2 Hierarchical structures 

Of course, the insights from section 2.2.3.1 can also be used to exploit hierarchically structured 

models in fuzzy situations. The size of Models XII and XIII and the size of Model XIV can be 

reduced by applying an adapted checking criterion. To derive the worst-case personnel, one 

calculates equation (43), which is similar to equation (12): 

𝑃𝑟
∗
= ∑

1

𝛼𝑟 − 𝑎𝑟
𝑞∈𝑄𝑟

∙ ∑ (𝑃𝐷𝑞 − 𝛽𝑞)

𝑞∈𝑄

   ∀ 𝑟 ∈ 𝑅                                                                              (43) 

Instead of constraint (2), one can then use constraint (14) in Models XII, XIII, and XIV. If the 

expression ‘𝛼𝑟 − 𝑎𝑟’ in equation (43) is replaced by ‘𝛼𝑟𝑞 − 𝑎𝑟𝑞’, the procedure can also be 

used in situations in which the productivity factors also depend on q. Moreover, fuzzy sets can 

be usefully applied in the dynamic case when the productivity factors depend on both r and q. 

In such situations, one is able to construct fuzzy coefficients �̃�𝑟𝑞. With these, one can then also 

apply the implicit method in a first step and the explicit method in a second step. 

3 Leadership 

3.1 Basics of leadership 

3.1.1 Preliminary remarks 

The functionality problem is about creating and ensuring the effectiveness of personnel. This 

lies in the production and safeguarding of the functionality of personnel, and to solve it, the 

behavior of the workforce must be adequately controlled. In addition to self-control (which is 

only effective to a limited extent) by the employees, three variants of external control can be 

considered for controlling behavior. One of these variants is the determination of organizational 
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measures, a second is the so-called informal leadership. This is carried out by persons who are 

not (officially) designated and appointed as supervisors by management, but who are accepted 

(informally) by one or more employees as (secret) leaders. The third variant is leadership. While 

organizational measures are of a structural nature, leadership measures are dispositive or situa-

tional measures. They are taken by the supervisor in concrete action situations, who must ob-

serve the organizational framework structure. In companies, neither organization nor leadership 

can be dispensed with. Both sets of measures can be substituted for each other, but not in their 

entirety. Thus peripheral substitutionality is present. Thus it is valid that with increasing degree 

of organization of an enterprise - even if in borders - one can do without leadership increasingly 

and vice versa. We define leadership as a complex of measures which are intended by supervi-

sors (and not carried out by chance) in order to influence the work behavior of their subordinate 

employees in the interest of the company. In the course of leadership, social interaction pro-

cesses take place in which both parties influence each other. However, we only count the actions 

of the supervisor as leadership; he or she has the greater power compared to his subordinates 

and only he or she is legitimized to issue instructions to them (and not vice versa). 

3.1.2 Effective, efficient and optimal leadership 

Business management decisions are required not only to be rational and legitimate, but also 

effective and, ideally, efficient and optimal. This naturally also applies to leadership when 

viewed from an economic perspective. 

Effectiveness goes back to the Latin word “effectivus” (effecting) and ultimately refers to the 

achievement of goals or the degree to which goals are achieved, neglecting input-output ratios. 

Effectiveness is defined as the suitability of a means to contribute to the achievement of a set 

goal. For example, if a supervisor leads his or her employees by granting incentive A or incen-

tive B in such a way that they meet the set behavioral norms, then both incentives are effective 

with respect to the goal of norm compliance. If the above definition is interpreted narrowly, the 

degree of goal achievement is only recorded dichotomously, i.e. the set goal is either achieved 

or not achieved. If one wants to measure the degree of goal achievement in numbers, then it is, 

for example, equal to one in the first case and zero in the second. However, if the above defini-

tion of effectiveness is interpreted less narrowly, then degrees of goal achievement between 

perfect goal achievement and perfect non-achievement of the goal can also be specified (e.g., 

in the amount of 0.2 or 0.7). The narrow interpretation of the term means that a decision is 

either effective or not effective, there is nothing in between. A broad interpretation, on the other 

hand, allows measures to be ranked in terms of effectiveness in a more finely graded order. For 
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example, measure A can be characterized as not very effective, measure B as moderately effec-

tive and measure C as very effective. In this case there are thus gradation forms for the effec-

tiveness term (effective, more effective, most effective). 

To assess effectiveness, the relationship between actual output (𝐴𝑂) and targeted output (𝑇𝑂) 

is evaluated. If 𝐴𝑂 < 𝑇𝑂, the measure is ineffective; if 𝐴𝑂 ≥ 𝑇𝑂 it is effective. This relation 

can be measured as a function of a difference or as a function of a quotient. In the first case, the 

effectiveness is 𝐸𝑇: 

𝐸𝑇 = 𝑓(𝐴𝑂 − 𝑇𝑂) with {
𝐸𝑇 = 0 for 𝐴𝑂 < 𝑇𝑂
𝐸𝑇 > 0 for 𝐴𝑂 ≥ 𝑇𝑂

  

and in the second case holds: 

𝐸𝑇 = 𝑓(𝐴𝑂 𝑇𝑂⁄ ) with {
𝐸𝑇 < 1 for 𝐴𝑂 < 𝑇𝑂
𝐸𝑇 ≥ 1 for 𝐴𝑂 ≥ 𝑇𝑂

  

Since the actual output can in principle also be zero (Koopmans 1951), and the division by zero 

is not defined, the actual output must be in the numerator in the quotient formation. Effective-

ness in the narrower sense is when 𝐸𝑇 ∈ {0,1}, while effectiveness in the broader sense is 𝐸𝑇 ∈

[0,1]. 

Effectiveness is oriented only to the achievement of a given goal (output). Efficiency, on the 

other hand, takes into account not only the output O but also the input I. Efficiency EC is then 

measured as the input-output ratio: A measure is efficient if, for a given input, the output is 

maximized and no input is wasted (maximum principle). A measure is also efficient if a given 

output is achieved with a minimum input and no output is wasted (minimum principle). From 

these two definitions, it follows that a measure is efficient if there is no other measure that 

achieves the same or more output with less or the same input. It also holds that a measure is 

efficient if it is not dominated by any other measure. Dominant measures are efficient and dom-

inated measures are inefficient. These considerations apply both when inputs and outputs are 

valued only at the quantity level and when they are valued (e.g., with prices, units of utility, 

etc.), i.e., enter the calculus at the value level. The concept of efficiency can also be interpreted 

more narrowly or more broadly. With a narrow interpretation of the term, a measure is either 

efficient or not efficient (inefficient) and it exists if 𝐸𝐶 ∈ {0,1}. In the case of efficiency in a 

broader sense, this can be graduated, and the following applies: 𝐸𝐶 ∈ [0,1]. 

Let us return to the above example, first of all for the narrow definition of efficiency: If the 

manager achieves the same degree of compliance with the standard by the employees using 

both incentive A and incentive B, but incentive A is more cost-effective than incentive B, then 

according to the minimum principle the use of incentive A as opposed to incentive B is efficient. 

If, however, both incentives incur the same costs and incentive B results in a higher level of 
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compliance than incentive A, then the efficiency ratio is reversed according to the maximum 

principle. 

Following the definitions of effectiveness and efficiency, we will now turn to their relationship. 

In principle, effective measures can be efficient or inefficient. Ineffective measures, on the other 

hand, cannot be efficient; they are always inefficient, no matter which interpretation of the term 

is used. This is justified as follows: If a measure is completely ineffective, its degree of target 

achievement (output) is zero. If this is put in relation to the input, the result is always ineffi-

ciency. Thus, effectiveness is always the necessary prerequisite for efficiency. However, if the 

concept of effectiveness is interpreted broadly, less effective measures (i.e. those that are nei-

ther completely effective nor completely ineffective) can also be efficient. 

We have established above that a measure is efficient if it is not dominated by any other meas-

ure, i.e. if there is no other measure that leads to higher output with the same input (maximum 

principle) or that produces the same output with lower input (minimum principle). This rela-

tionship is explained graphically in figure 4: 

 

 

 

 

 

 

 

 

 

Figure 4: Efficiency line 

In this graph, input is plotted on the abscissa and output on the ordinate, each measured in units 

of quantity. If we compare points 𝐴 and 𝐵, we can see that the input quantity at point A is lower 

than at point 𝐵, while the output quantity at point B is higher than at point 𝐴. If you want to 

increase the output quantity from 𝑑 to 𝑐, the input quantity increases from 𝑎 to 𝑏. If you want 

to reduce the input quantity from 𝑏 to 𝑎, the output quantity decreases from 𝑐 to 𝑑. The bold 

line represents the so-called efficiency line. All points along this line are (equally) efficient, all 

points below are inefficient. Compared to the points on the efficiency line, they produce a lower 

output for a given input and require a higher input for a given output. We call such constellations 

dominated, the points along the efficiency line dominant or efficient. 
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At the end of this section, we would like to talk about the concept of optimality, in distinction 

to efficiency. The Latin word “optimum” means the best. The optimum can be either the small-

est (minimum) or the largest (maximum) or, in other words, the best (optimal) solution is always 

either the smallest (minimum) input or the largest (maximum) output. Now what does this mean 

for the relationship between optimality and efficiency? We have seen above that all points along 

the efficiency line are (equally) efficient. However, it is possible that only one of them is opti-

mal. For this to be the case, we need to introduce an additional criterion. In the example of 

figure 4, we then no longer only consider the respective quantities, but multiply them by their 

respective prices and thus arrive at the revenues (output) and costs (input). It may then turn out 

that among all the efficient points only one turns out to be revenue maximum or cost minimum. 

This means in the generalization that efficient measures can be optimal (but do not have to be), 

optimal solutions however are necessarily efficient. Nevertheless, not always only one point on 

the efficiency line has to be the optimal one. There are definitely cases in which several (to the 

same extent) optimal solutions are also available. 

The effects of leadership on the profit of the company are predominantly partial and indirect. 

This means on the one hand that there are other operational measures (e.g. from the areas of 

procurement, production and marketing) which also have an effect on profit. In addition lead-

ership affects predominantly over several further factors and not directly on the profit. This 

leads both to the fact that one can measure the profit emanating from leadership instruments 

usually only over substitute criteria. 

3.1.3 Instruments of leadership 

Leadership is a complex of instruments, including measures of (a) behavioral guidance, (b) 

behavioral evaluation and (c) behavioral compensation, which in turn can be differentiated into 

various individual instruments. Their choice depends on the instruction, motivation, qualifica-

tion and preparation of the employees. 

To (a): The individual instruments of behavioral guidance include (a1) the specification of be-

havioral norms, (a2) the enabling (prevention) and the support (hindrance) of behavior, and (a3) 

the communication of control and incentive perspectives. To (a1): Through (functional) behav-

ioral norms, supervisors express their ideas about how employees should behave in completing 

tasks. There is a wide range of differentiation possibilities in the scientific literature, including 

the distinction between implicit and explicit norms. In the case of explicit behavioral norms, 

the employee is explicitly told how he or she should behave, so that he or she is not given any 

leeway in decision-making. In the case of implicit behavioral norms, on the other hand, the 
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employee is merely given a goal and has to decide for himself or herself how he or she wants 

to achieve this goal. To (a2): The behavior of the employee can be enabled and supported by 

the supervisor in positive cases and hindered and prevented in negative cases. Enabling behav-

ior includes, among other things, providing resources and information. In the case of behavioral 

support, the supervisor can, for example, provide helpful tips for solving problems. It does not 

take much imagination for one to envision corresponding condrance and hindrance tools. To 

(a3): In the course of behavioral guidance, there is not yet any control or stimulation. Never-

theless, appropriate perspectives must already be granted here, because if the employee were 

not given the prospect of incentives, he or she would not become active for the company and if 

he or she were not told that he or she would have to reckon with controls in the course of 

completing his or her tasks, there would be a danger of uncontrolled and collusive behavior. In 

the context of behavioral guidance, target-theoretical approaches (Locke et al. 1981) are rele-

vant, among others.  

To (b): By directing behavior, the supervisor formulates a behavioral target for the employee. 

In the context of behavioral evaluation, this targeted behavior is compared with the actual be-

havior. Such a target/actual comparison can result in the target and actual being the same or 

deviating from each other. In the event of such deviations, the supervisor must assess their 

significance and the relevant causes must be identified and attributed to the causers. Particularly 

in the case of negative target/actual deviations, the concept of behavior guidance must be re-

viewed and possibly corrected in order to avoid such deviations in the future. In the context of 

behavioral evaluation, attribution theory approaches (Weiner 1985) are relevant, among others. 

To (c): The third set of measures is for behavioral compensation. It is therefore a matter of 

rewarding or punishing the employee in accordance with the behavioral evaluation. To this end, 

(positive and negative) incentives must be formulated and granted, and incentive criteria (meas-

urement bases) and criterion-incentive relations must be constructed and applied. In the context 

of behavioral compensation, neo-institutionalist, agency theory and equity theory approaches 

are relevant (Adams 1965, Akerlof 1970, Coase 1937, Demsetz 1967, Pratt/Zeckhauser 1985, 

Ross 1973, Shavell 1979, Williamson 1975). 

The following figure 5 shows the described relationships graphically. The dashed lines 

represent feedback loops. They indicate that, based on the respective results of behavioral 

evaluation and behavioral compensation, modified control measures can be taken in a next 

guidance sequence in the course of the steering concept. This is important, for example, if the 

supervisor determines in connection with the deviation analysis that the behavioral standards 
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he or she set were too imprecise or not comprehensible to the employees. Behavior guidance, 

evaluation and compensation trigger pulse, control and incentive expectations on the part of the 

employee. At the same time, the supervisor also has corresponding expectations, so that the 

leadership instruments cause personnel behavior and the personnel behavior determines the 

supervisor's choice of instruments. 

 

Figure 5: Measures for influencing personnel behavior 

3.1.4 Legitimation bases of leadership 

As already outlined above, leadership represents an intended and (at least positionally) 

legitimized behavioral influence based on interaction in order to achieve predefined 

organizational goals.  

Although in many contexts an intended exertion of influence by one person on another can be 

interpreted as negative manipulation, in the context of leadership the use of power in the sense 

of an intended, social exertion of influence is legitimized insofar as it serves the achievement 

of corporate goals. Thus, there is an unequal distribution of influence or an excess of influence 

on the part of a supervisor between supervisor and employee. However, since on the one hand 

the unequal distribution is recognized by both parties and thus a consensus exists in this regard 

and on the other hand there is a necessity or expediency of the influence, we speak of a 

legitimacy basis of personnel behavior influence by the leadership behavior of a supervisor 

(French/Raven 1959). In this context, Weber (1947) distinguishes between different bases of 

legitimacy, each of which justifies the exercise of power. These include traditional authority, 

bureaucratic authority, and charismatic authority. The traditional Weberian conception is 

subsequently developed further by French & Raven (1959), Katz & Kahn (1966), Peabody 
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(1964) and Presthus (1963) and among others, by distinguishing between (a) positional 

authority, (b) functional authority and (c) personal authority.  

To (a): positional authority is also called official authority and is equivalent to bureaucratic 

authority according to Weber (1947). The ones influenced recognize the rules and norms of the 

influencers because there is a need or interdependence, as is classically the case in companies 

between supervisors and employees. 

To (b): Functional authority is also referred to as specialist authority, as the recognition of the 

surplus of influence is based on a higher, specific expertise. However, this professional 

superiority can regularly be called into question, so that this type of authority must always be 

reacquired.  

To (c): Personal authority is very similar to the charismatic authority concept according to 

Weber (1947). On the basis of a person's integrity of character and exemplary character, this 

person's influence potential is recognized and his or her influence actions are accepted.  

For leadership, the legitimation basis of positional authority is fundamental. It is used to pursue 

the goal of influencing employees in such a way that corporate goals can be achieved effectively 

and efficiently. However, functional and personal authority can also be effective.  

3.2 Selected conceptions of leadership 

3.2.1 Preliminary remarks 

The concepts of leadership include (a) so-called management by ... concepts and (b) models of 

leadership style selection. 

To (a): The so-called management by ... concepts postulate leadership principles aimed at ef-

fectiveness and thus recommendations for action to supervisors. The list of these often trivial 

and deficiently operationalized concepts (such as management by exception, by delegation, by 

results, by communication) is quasi infinite, a differentiated elaborated and serious concept, 

however, is the so-called Management by Objectives (MbO). This was introduced into the lit-

erature by Drucker (1954). Later, Odiorne (1973) and Humble (1973) were responsible for the 

widespread use of this concept in science and business practice. MbO means leading with goals. 

In the authoritarian variant of the concept, it is about leading by setting goals. However, we 

want to outline the participative variant here, in which the goals are not simply given to the 

employee, but are agreed with him or her in the course of a negotiation process. 
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The MbO process has three core stages: In the first stage, both parties (separately) make a 

preliminary selection of possible performance and development targets. In this process, the 

supervisor is guided by the overarching corporate objectives. In the second phase, which serves 

to guide behavior, the target agreement is negotiated (target agreement meeting). After a 

specified or agreed deadline has expired, the third phase follows, which serves to evaluate the 

objectives. In this phase, the extent to which the objectives have been achieved is reviewed 

(behavioral evaluation). In addition, consequences are derived (including behavioral 

compensation) and the process begins again. 

In the course of agreeing on objectives, the supervisor and the employee agree on at least one 

common objective. As a rule, however, this is a system of objectives consisting of several main 

objectives, which may have to be broken down into various sub-objectives and for which it is 

necessary to define series (keyword: prioritization in terms of time) and ranking relationships 

(keyword: preference in terms of content). It is advisable to carefully balance the target system 

and to define it in writing. In addition, the SMART rule derived from the goal theory of Locke 

et al. (1981) should be applied: SMART is an acronym for "Specific-Measurable-Achievable-

Relevant-Timely" and thus postulates requirements for meaningful target agreements. 

This is based on the following considerations: If goals lack sufficient specificity and operation-

alization, this leads to orientation problems for the actors. If goals are not sufficiently measur-

able, no (sufficiently) precise degree of goal achievement can be determined ex post, which 

leads to difficulties in compensating for behavior. A lack of specificity and measurability of 

goals can also lead to hiding behind the openness of the goal formulation, to pretending to have 

achieved a goal that has not in fact been achieved, or to leaving the achievement of the goal to 

others (keyword: free-rider behavior). Furthermore, only ambitious goals lead to satisfactory 

performance motivation and unrealistic goals will be abandoned sooner or later (keyword: 

"fighting windmills"). If no clear deadlines are set or agreed for the desired achievement of 

(interim) goals, there is a risk of arbitrariness in terms of time and thus of dawdling, delaying 

or procrastinating in the achievement of goals. 

To (b): By leadership style we mean the way in which supervisors guide, evaluate and compen-

sate their employees - in short: influence them. On the one hand, a leadership style can represent 

a personality trait of the supervisor, whereby it is assumed that the manager has a leadership 

style and therefore leads his or her employees in a corresponding (recurring) manner regardless 

of various situational factors. On the other hand, the leadership behavior pattern can also (and 
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this is the idea we are discussing here) be defined as situationally selectable (and not as a per-

sonality constant). In this case, a supervisor decides, depending on the situation, which leader-

ship style to apply in order to effectively influence his or her employees. There is no finite 

number of selectable leadership styles. Rather, there are different dimensions by which leader-

ship styles can be described and agglomerated. In so-called one-dimensional leadership style 

concepts, leadership styles are differentiated on a bipolar continuum. This includes, for exam-

ple, differentiation according to the participation rate, whereby a distinction is made between 

authoritarian and participative leadership styles. In the relevant literature, there are often so-

called pairs of opposites between which leadership behavior can be localized: These include, 

for example, the conceptual pairs autocratic and democratic as well as authoritarian and coop-

erative. Tannenbaum & Schmidt (1958), Likert (1967) and Vroom (1959, 1964) present corre-

sponding one-dimensional considerations for the classification and choice of a leadership style. 

Tannenbaum & Schmidt differentiate seven leadership styles (from the sole decision of the 

supervisor to the group decision with limited leeway for decision-making) and Likert distin-

guishes four different leadership styles on a continuum from strongly setting the tone (autorita-

tive leadership style) to cooperative (participative leadership style). 

In multidimensional leadership style concepts, (at least) two dimensions that are regarded as 

independent are used for differentiation. This view is based primarily on the results of the Ohio 

State Leadership Studies (Halpin 1957, Stogdill 1963, Stogdill/Coons 1957). In the course of 

these studies, a large number of independent dimensions were first identified. These included 

group behavior, company-related characteristics, economic, social, and political environmental 

factors, and task orientation (concern for production) and relationship orientation (concern for 

people) (Shartle 1979, Stogdill/Coons 1957). Further research and factor analyses in the Ohio 

State Leadership Studies subsequently reveal two clearly dominant dimensions in the form of 

task orientation and relationship orientation. According to the results of the Ohio State Leader-

ship Studies, these two dimensions are orthogonally related to each other. Their assumed inde-

pendence is undoubtedly debatable, but will not be further problematized in this paper. In task 

orientation, the focus of leadership behavior is on the fulfillment of factual tasks. The supervisor 

tells the employees what, when, where and how they should do something. He or she sets their 

goals and defines their areas of responsibility. Another characteristic of a strongly pronounced 

task orientation is the focus on the structured and efficient completion of various activities to 

achieve the company's goals. Relationship orientation, on the other hand, refers among other 

things to two-way communication, including listening and support from the manager, but also 

to human warmth in the leadership process. It is characterized, for example, by consideration 
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for the individual preferences and needs of employees. To operationalize task and relationship 

oriented leadership styles, Halpin (1957), Fleishman (1960) and Stogdill (1963), among others, 

develop questionnaires such as the Leadership Opinion Questionnaire (LOQ) and the Leader 

Behavior Description Questionnaire (LBDQ). 

The scientific literature provides a wide range of basic models for leadership style selection, of 

which we outline four selected approaches in the following section: the managerial grid by 

Blake & Mouton, the situational leadership theory by Hersey & Blanchard, the 3D model by 

Reddin and the normative decision model by Vroom & Yetton. 

3.2.2 Basic models for leadership style selection 

3.2.2.1 The Managerial Grid by Blake & Mouton 

Blake & Mouton (1964) design a so-called behavioral grid, which is determined by the two 

orthogonal main factors of the Ohio State Leadership Studies, task orientation and relationship 

orientation. The two authors develop a nine-level scale for each dimension and thus fan out a 

grid with a total of 81 different possible combinations. Of the 81 possible combinations, only 

five relevant ones are explained in more detail by the authors and evaluated in terms of their 

leadership effectiveness (see figure 6). 

 

Figure 6: Managerial Grid by Blake/Mouton (1964, p. 10) 

These five leadership styles are described below:  
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9.1-Leadership style (high task and low relationship orientation): A supervisor who 

practices this leadership style is referred to as an "exact task manager." While the structuring 

of the tasks is in the foreground with this leadership style, the optimal organization of the work-

ing conditions in the sense of the coworkers is disregarded.  

1.9-Leadership style (low task and high relationship orientation): A leader who practices 

this management style tries to avoid decisions concerning production and the associated con-

flicts. He or she fears that pressure to perform can lead to resistance on the part of employees, 

which is why he or she prevents such pressure. Pleasant working conditions and his or her 

function as a role model are at the center of this management style, since the supervisor expects 

to gain the favor of the employees and on the basis of this the tasks are gladly completed. 

1.1-Leadership style (low task and relationship orientation): This approach is rarely 

found in organizational situations with non-recurring actions, where each situation poses a dif-

ferent set of problems to be solved. It is far more common in routine operations where the 

situation allows for complete withdrawal of the supervisor, as is the case here. 

5.5-Leadership style (medium task and relationship orientation): A supervisor who prac-

tices this leadership style avoids extremes and assumes that moderate levels of both dimensions 

cause a balance between effort as a leader and employee performance results, creating a more 

acceptable trade-off. 

9.9-Leadership Style (high task and relationship orientation): In contrast to the other 

basic approaches, the 9.9-Leadership style assumes that there is no conflict between task com-

pletion and employee needs. The supervisor achieves an almost perfect integration of the pur-

suit of corporate goals and the consideration of individual employee needs. 

Blake & Mouton leave little doubt as to which of these five leadership styles they prefer. The 

authors are clearly in favor of the 9.9-Leadership style, as it successfully combines both dimen-

sions and thus allows the expected corporate goals to be optimally achieved while at the same 

time fully taking into account the concerns and needs of the employees. In the context of the 

1.1-Leadership style the supervisor is said to have already resigned himself or herself to defeat 

and therefore not to want to exert any more effort (Blake/Mouton 1964, Blake et al. 1962). The 

relationship and task orientation should be chosen by the supervisor to the maximum extent 

possible, but are not completely independent of a specific leadership situation. Blake & Mouton 

(1964) postulate which leadership style should be chosen tendenially, but they also refer to 

organizational framework conditions and limiting circumstances, which is why it may be nec-

essary to switch to other leadership styles.  



 

33 

 

In an extension of the original model written by Blake & Mouton (1964), the independence of 

the dimensions of task and relationship orientation is rejected and interdependence is assumed. 

Thus, the expression of one dimension (e.g., 1-9) is no longer to be considered alone, but always 

gains its significance in the leadership context only in combination with the respective other 

dimension expression. In the 9.9-Leadership style, for example, the 9 of relationship orientation 

stands for productive task completion in a team, while the high relationship orientation in the 

1.9-Leadership style can rather be seen as a comfortable (and thus rather ineffective) working 

atmosphere. 

In a later paper, Blake & Mouton (1985) point out that a leadership style must be chosen to suit 

a situation in order to achieve leadership effectiveness. As relevant influencing factors they 

name the organizational structure, the leadership situation, value concepts of the supervisor and 

the employees, personality characteristics of the supervisor as well as the knowledge about 

alternative leadership styles. Based on this, Blake & Mouton have extended their assumption 

regarding the dominance of the 9.9 style. The authors argue that every leader should be able to 

apply the 9.9 leadership style. However, in this context it is a leadership strategy consisting of 

a bundle of leadership measures which can be selected on the basis of the situation determinants, 

so that a maximum degree of task and relationship orientation does not have to be selected in 

every case. 

3.2.2.2 The 3D-Model of the leadership by Reddin 

Reddin (1970) is also oriented to the two dimensions of task and relationship orientation and 

adds a third dimension, leadership effectiveness. He concretizes and emphasizes the situational 

dependence of the leadership behavior to be selected. This means that no leadership style is 

declared to be dominant across all situations. It is therefore necessary to find the leadership 

style that is effective in a leadership situation. This is based on effectiveness in the narrower 

sense (a leadership style is therefore either effective or ineffective). Reddin formulates four 

basic styles (see figure 7). 



 

34 

 

 

Figure 7: Basic styles by Reddin (1970, p. 12) 

He distinguishes between the "procedural style" (separated, with low relationship and task ori-

entation, corresponds to approximately 3.3 in the Managerial Grid), the "relationship style" 

(related, with strong relationship orientation and low task orientation, corresponds to approxi-

mately 3.7 in the Managerial Grid), the "task style" (dedicated, with a low degree of relationship 

orientation and a high degree of task orientation, corresponds to approximately 7.3 in the Man-

agerial Grid), and the "integration style" (integrated, with a high degree of relationship and task 

orientation, corresponds to approximately 7.7 in the Managerial Grid) (Blake/Mouton 1964). 

These four basic styles are then assessed in terms of target extent (leadership effectiveness). In 

doing so, Reddin uses metaphorical language: In negative cases, the procedural style results in 

the behavior of a “deserter”, the relationship style in the behavior of a “missionary”, the task 

style in the behavior of an “autocrat”, and the integration style in the behavior of a “compro-

miser”. In positive cases, on the other hand, the procedural style results in the behavior of a 

“bureaucrat”, the relationship style in the behavior of a “developer”, the task style in the behav-

ior of a “benevolant autocrat”, and the integration style in the behavior of an “executive”. None 

of the four basic styles is inherently more or less effective. The leadership situation is decisive 

at this point and ultimately determines whether the corresponding leadership style applied is 

effective (see figure 8). 
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Figure 8: Adding the third dimension “effectiveness“ following Reddin (1970, p. 13)12 

A leader who opts for the procedural style initially relies on existing and established methods 

and processes in the company and prefers stable environmental situations. As a “bureaucrat”, 

he or she masters routine processes, follows rules and orients himself or herself to organiza-

tional guidelines. In contrast, the procedural style is described negatively in the form of a “quit-

ter” (“deserter”) who meticulously insists on rules and does not disregard regulations even when 

a situation makes it urgently necessary. 

A supervisor who is strongly relationship-oriented and hardly task-oriented (integrative style) 

places a lot of value on interpersonal relationships and on taking employees' wishes into ac-

count. If this leadership behavior is selected in a situation-specific manner, Reddin (1970) 

speaks of a “developer” who leaves potentially delegable activities to the employees and pur-

sues the goal of helping the employees to develop personally and professionally without losing 

sight of the organizational goals. In contrast, the author describes the relationship-oriented and 

hardly task-oriented supervisor as a “missionary” who neglects the company's prerequisites for 

taking employee needs into account and focuses only on the individual satisfaction of an em-

ployee. The actual operational consequences remain unconsidered. 

                                                 

 

12 Note: The arrows in the figure are not to be understood in terms of increasing or decreasing degrees of effec-

tiveness, since Reddin uses the narrow concept of effectiveness and thus effectiveness and ineffectiveness are 

dichotomous. 
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A supervisor who is strongly task-oriented and hardly relationship-oriented (task style) focuses 

on the performance and productivity of his or her employees. If the supervisor adapts to the 

situation accordingly, he or she is characterized as a “doer” (“benevolant autocrat”) according 

to Reddin. In contrast to the “autocrat”, the “doer” formulates realistic and at the same time 

challenging goals without overtaxing the employees.  

An integration-oriented supervisor (integration style) exhibits both a high degree of task orien-

tation and of relationship orientation. As an “integrator” (“executive”), the supervisor is able to 

make decisions in the interests of the company, taking into account diverse employee needs, 

and in doing so is both motivating and cooperative. A “compromiser”, on the other hand, shies 

away from conflicts and decision-making situations in which not all employee wishes can be 

taken into account. 

The descriptions of the basic styles and effective or ineffective results show that the author does 

not prefer any of the four leadership styles. Rather, a prior analysis of the situation is necessary 

in order to be able to choose the appropriate leadership behavior. For this, the leader must be 

able to assess the situation validly, for which Reddin (1970) formulates up to 100 indicators for 

analysis. The situation indicators can be divided into the following elements:  

- Work method or task requirements, 

- Employees, 

- Colleagues,  

- Supervisors and 

- Organizational structure or organizational climate.  

For each of the four basic styles (see figure 8), there are five indicators per situation element. 

If, for example, an employee shows a high degree of independence, professional competence 

and intrinsic interest and the task to be completed is at the same time very simple, the procedural 

style is to be applied in such a situation. Instructions for appropriate situation assessment based 

on the above elements are described in detail by Reddin (1970). 

3.2.2.3 The situational leadership theory by Hersey & Blanchard 

Whereas Reddin takes leadership effectiveness dichotomously as a third dimension, Hersey & 

Blanchard (1969) focus exclusively on effective leadership styles. They name a multitude of 

relevant situational determinants which should be taken into account when choosing a leader-

ship style. These include task structure, supervisor-employee relationships, time constraints, 

and organizational characteristics. However, the authors focus on the so-called task-relevant 

maturity level of an employee, which is determined by his or her motivation and qualification. 
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By means of a corresponding dichotomous recording, Hersey & Blanchard (1969) distinguish 

four levels of maturity (R1 to R4): 

R1 (low maturity): Both motivation and qualification of the employee are assessed as 

low. 

R2 (low to medium (moderate) maturity): The employee shows a high level of motiva-

tion and a low level of qualification. 

R3 (medium (moderate) to high maturity): The employee shows a low level of motiva-

tion and a high level of qualification. 

R4 (high maturity): The employee demonstrates both a high level of motivation and a 

high level of qualification. 

Employees do not always have the same level of maturity everywhere, but can have different 

levels of maturity in relation to different tasks and situations. The manager must therefore be 

able to validly assess the maturity level of an employee in different situations in order to select 

and apply the appropriate leadership style in each case. According to the participation rate, 

Hersey & Blanchard (1969) differentiate four leadership styles (S1 to S4):  

S1 (low participation rate): The supervisor decides autocratically, solves the correspond-

ing decision problem alone and communicates the solution to the employee.   

S2 (low to medium participation rate): The supervisor still makes the decision alone, but 

involves the employee to the extent that he or she explains how he or she arrived at the 

decision and why he or she made it and not another one.  

S3 (medium to high participation rate): The employee is involved in the decision-making 

process, but does not make it alone.  

S4 (high participation rate): The supervisor delegates the decision-making problem to 

the employee.  

Figure 9 shows the correlations recommended by Hersey & Blanchard (1969) between maturity 

level and the leadership style to be selected. With R1 one should choose S1, with R2 one should 

choose S2, with R3 one should choose S3 and with R4 one should choose S4. Although the lead-

ership styles are differentiated according to the participation rate, the authors also recommend 

different degrees of relationship and task orientation in the various leadership situations. 
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Figure 9: Situational Leadership Model by Hersey & Blanchard (1969, S. 19) 

The leadership style recommendations are justified as follows: 

 R1 (low maturity): Both motivation and qualification of the employee are assessed as 

low. The reference to the authoritarian leadership style in the case of low qualification and 

motivation seems understandable and conclusive. According to Hersey & Blanchard (1969), in 

such a situation the leader should focus on giving the employee precise instructions on how an 

activity and task must be completed, since the employee does not have the necessary qualifica-

tions and also lacks motivation to complete the task. 

 R2 (low to medium maturity): The employee exhibits a high level of motivation and a 

low level of qualification. The assignment to S2 is also plausible. Since the employee is willing 

but not sufficiently qualified, he or she should be shown how to make good decisions for de-

velopment reasons.  

R3 (medium to high maturity): The employee exhibits a low level of motivation and a 

high level of qualification. This assignment of leadership style and maturity level is also plau-

sible. If the supervisor were to delegate the decision in such situations, there would be a risk of 

collusive behavior on the part of the employee.  

R4 (high maturity): Since the employee here is both motivated and qualified, it can make 

a lot of sense to delegate the pending decision to him or her.  

Hersey & Blanchard (1969) do not assume that the task-relevant maturity level of an employee 

can be regarded as unchangeable (as may be the case with other situational determinants), but 

that active promotion should be aimed at increasing or stabilizing the employee's maturity level. 
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The authors propose a two-stage process for the realization of this personnel development, 

whereby first a task delegation of a delimited area of responsibility is carried out. If successfully 

mastered, the employee's behavior is rewarded in the second stage and reinforced by further 

development measures. The successive expansion of the area of responsibility is thus the core 

of active maturity development and can be repeated as often as desired. This procedure explains 

the bell-shaped curve in figure 9. An employee is to be promoted by the supervisor in such a 

way that he or she moves further and further to the left on the curve. 

3.2.2.4 The normative decision model by Vroom & Yetton 

The participation rate is the extent to which employees are involved in the decision-making 

process and represents the central leadership style dimension in the model of Vroom & Yetton 

(1973, Jago/Ettling/Vroom 1985, Vroom/Jago 1988). The two authors distinguish between five 

leadership styles (𝐼1, 𝐼2, … , 𝐼5): 

𝐼1:= The supervisor makes the factual decision alone, based on his or her current level of infor-

mation. 

𝐼2:= The supervisor makes the decision on the matter alone after obtaining information from 

the employees. 

𝐼3:= The supervisor makes the factual decision alone, after discussing the factual decision prob-

lem in individual meetings with the employees. 

𝐼4:= The supervisor makes the factual decision alone, after discussing the factual decision prob-

lem with the group of employees. 

𝐼5:= The supervisor presents the factual decision problem to the group of employees, everyone 

develops and evaluates alternative courses of action as a group and the group make a joint 

factual decision. The supervisor is an equal member of the group. 

Provided, that one accepts the participation rate as a differentiation criterion for leadership 

styles - and there is nothing seriously wrong with that - this leadership style list is quite reason-

able. However, one misses the complete delegation to the body (without co-decision by the 

supervisor) and the possibility of obtaining information from other persons (than one's own 

employees). 

The leadership situation is analyzed according to a total of seven criteria in question form, 

whereby these are recorded dichotomously in each case and are to be answered with "yes" or 

"no" (𝐽1, 𝐽2, … , 𝐽7): 
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𝐽1:= Is the quality of the decision important? (Note: Here we are asking about quality, not 

whether the decision itself is important). 

𝐽2:= Does the supervisor feel sufficiently informed to make a quality factual decision? 

𝐽3:= Does the supervisor think the factual problem is sufficiently structured? 

𝐽4:= Is the acceptance of the factual decision on the part of the employees important for its 

implementation? 

𝐽5:= Does the supervisor assume that a factual decision made in an authoritarian manner will 

be accepted? 

𝐽6:= Will employees align their solution contributions with the organizational goal? 

𝐽7 := Is it to be expected that employees will argue about the evaluation of the alternative ac-

tions? 

Seven questions with two possible answers each result in a total of (27 =) 128 possibilities (lead-

ership situations) to combine the answers (variations with repetition).13 

For the purpose of selecting the leadership style, decision rules are to be applied. Vroom & 

Yetton (1973) propose the following seven decision rules (𝐷𝑅1, 𝐷𝑅2, … , 𝐷𝑅7) in the version 

presented here, where ⌐ symbolizes negation, ˄ logical and (both ... and), and → implication: 

𝐷𝑅1 (Information rule):14 𝐽1 ∧ ¬𝐽2 → ¬𝐼1 

 Note: This rule is undoubtedly plausible, because if decision quality is important but the 

supervisor is not sufficiently informed for a good factual decision, it makes no sense for him or 

her to decide based on his or her current level of information. 

𝐷𝑅2 (Trust rule): 𝐽1 ∧ ¬𝐽6 → ¬𝐼5 

 Note: This rule is also plausible to a certain extent, because if the quality of the decision is 

important but conflicts are to be expected among the employees about the factual decision to 

be made, they should not be allowed to participate in the decision if it is assumed that conflict 

resolution is not possible or at least not possible with reasonable effort. In principle, however, 

they can then be used in upstream stages of the decision-making process. The fact that conflicts 

                                                 

 

13 Siegling et al. (2023) list all 128 possible combinations. 
14 Read: If question J1 is answered yes and question J2 is answered no, then do not choose leadership style I1.  
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can also have a negative impact in this process (e.g., through strategic information and consul-

tation behavior) is apparently not considered relevant by Vroom & Yetton and therefore only 

𝐼5 is excluded here. 

𝐷𝑅3 (Structure rule): 𝐽1 ∧ ¬𝐽2 ∧ ¬𝐽3 → ¬(𝐼1, 𝐼2, 𝐼3) 

 Note: If the decision quality is important, but the supervisor is not sufficiently informed for 

a good factual decision and he or she considers the factual decision problem as unstructured, 

the supervisor should not decide authoritatively. This is plausible as far as it goes. Nor, accord-

ing to Vroom & Yetton (1973), should he or she seek advice in one-on-one meetings. That - as 

assumed by Vroom (1967) –  𝐼2 and 𝐼3 are always too cumbersome, ineffective and inefficient 

here is questionable and whether group discussions can make up for the deficits is at least worth 

discussing. 

𝐷𝑅4 (Acceptance rule): 𝐽4 ∧ ¬𝐽5 → ¬(𝐼1, 𝐼2) 

 Note: If the acceptance of the factual decision on the part of the employees is important but 

it can be assumed that an authoritarian decision will not be accepted by them, then it is logical 

that neither of the two authoritarian leadership styles is chosen here. 

𝐷𝑅5 (Conflict rule): 𝐽4 ∧ ¬𝐽5 ∧ 𝐽7 → ¬(𝐼1, 𝐼2, 𝐼3) 

 Note: If it is important that the employees accept the factual decision, but an authoritarian 

factual decision is not likely to be accepted by them and conflicts over the order of preference 

are to be expected, then there is a case for not selecting 𝐼1, 𝐼2 and 𝐼3. Whether, in this case,  𝐼4 

is actually better than 𝐼3 is at least debatable. 

𝐷𝑅6 (Fairness rule):  𝐽4 ∧ ¬𝐽5 ∧ ¬𝐽1 → ¬(𝐼1, 𝐼2, 𝐼3, 𝐼4) 

 Note: Vroom & Yetton consider it fair if the employees in the group (co-)decide, if the 

acceptance of the decision is important, an authoritarian decision is probably not accepted but 

the quality of the decision is irrelevant. It remains to be seen whether every employee actually 

considers it fair when he or she is called upon to make qualitatively irrelevant decisions. 

𝐷𝑅7 (Acceptance prioritization rule): 𝐽4 ∧ ¬𝐽5 ∧ 𝐽6 → ¬(𝐼1, 𝐼2, 𝐼3, 𝐼4) 

 Note: Here, Vroom & Yetton (1973) apparently assume that only a group decision can 

eliminate the presumed conflicting goals. However, this assumption is also debatable. 

It goes without saying that leadership style selection can be made on the basis of these seven 

rules - the first three of which relate to decision quality and the other four to decision acceptance 

- by analyzing the current leadership situation and then applying the corresponding rule(s). 
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3.2.2.5 Critique 

In all these models, the focus is on leadership effectiveness. Leadership efficiency and leader-

ship optimality, on the other hand, are at best implicitly addressed. The Vroom/Yetton model 

offers a certain exception here, in which one arrives at the time-efficient or development-effi-

cient leadership style through two alternative additional criteria, but without this being derived 

and discussed in a differentiated manner by the authors. 

In Blake & Mouton, unlike the other models mentioned above, the leadership situation is not 

differentiated according to situation determinants. In addition, no measurement rules are men-

tioned or discussed for the two dimensions that are considered independent. Instead, five state-

ments are given for each of six problem areas, e.g. such as effort, emotion, or persuasion, and 

the one that best characterizes supervisor behavior is to be selected from these. However, Blake 

& Mouton do not discuss the origins of the six problem areas or the five statements, nor the 

relationship between statements and leadership style. Although the model is known to many 

practitioners and is often discussed in management training courses, it cannot be rated very 

highly from a scientific perspective due to deficits in differentiation, operationalization and 

theoretical foundation. 

Reddin's 3D-Model leaves room for interpretation in many places. For example, the situation 

elements are operationalized too weakly and vaguely to be able to formulate concrete recom-

mendations for action. The inflationary use of metaphorical language (not least in the differen-

tiation of leadership styles) is not necessarily conducive to understanding the explanations. In 

addition, the correlations between leadership style and leadership effectiveness are not ex-

plained in great detail. However, it is positive that Reddin emphasizes the situation-specificity 

of the choice of leadership style several times. 

Hersey & Blanchard also emphasize that leadership styles must be chosen on a situation-spe-

cific basis. The leadership styles are plausibly differentiated, at least as far as they relate to the 

participation rate. However, it remains open whether all three dimensions are actually inde-

pendent. The situation differentiation and the match between leadership situation and leadership 

style are also plausibly justified, although relatively simply structured. 

The Vroom/Yetton-Model has been widely tested, evaluated, and criticized (Auer-Rizzi/Reber 

2013, Duncan/LaFrance/Ginter 2003, Erffmeyer 1983, Field 1979, 1982, Field/Andrews 1998, 

Field/House 1990, Horgan/Simeon 1990, Gomolka/Mackin 1984, Margerison/Glube 1979, 

Pate/Heimann 1987, Samosudova 2017, Vignesh 2020, Vroom 2003, Vroom/Jago 2007, 
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Wedley/Field 1984, Zimmer 1978). Provided that one accepts the participation rate as a differ-

entiation criterion for leadership styles - and there is nothing seriously wrong with that - this 

leadership style list is quite defensible. However, one misses the complete delegation to the 

committee (without co-decision by the supervisor) and the possibility to obtain information 

from other persons (than the own employees). The list of situation determinants can also be 

accepted as reasonable, although the level of information of the employees could be taken into 

account, as provided in another model version by Vroom & Yetton (1973), but also the forecast 

qualification of employees and supervisors. Leadership costs and returns are also considered 

implicitly at best in both leadership styles and leadership situations. Moreover, the dichotomi-

zation of situation determinants is based on a simplifying and complexity-reducing assumption 

that is overturned in later work (Vroom/Jago 1988). 

3.2.3 A fuzzy rule system for leadership style selection15 

In considering the fuzzy case, we deliberately focus in this paper on fuzzy rule systems rather 

than fuzzy decision trees (see e.g. Hill/Schmitt 1977, Lunenburg 2010, Vroom 1967, 

Vroom/Jago 1995, Vroom/Yetton/Jago 2015), although such have already been constructed in 

the scientific literature (Baldwin/Xie 2005, Cintra/Monard/Camargo 2012, Hall/Lande 1998, 

Janikow 1998, Lertworaprachaya/Yang/John 2010, Olaru/Wehenkel 2003, Yuan/Shaw 1995). 

However, we consider our approach with continous input and output sets to be more promising. 

The initial model of Vroom & Yetton is based on Boolean (two-valued or binary) logic, which 

knows only two states, namely true or false, yes or no or 0 or 1. Thus an element 𝑥 belongs 

either completely (or completely not) to a set. For the membership value of such a crisp set 𝐴 

holds 
𝐴
(𝑥) ∈ {0,1}. In the context of the so-called fuzzy logic (Buckley/Eslami 2002, Gott-

wald 1993, Pedrycz 1993, Piegat 2001, Zadeh 1983, Zimmermann 1987, 1996) membership 

values can also be graduated, such that for the membership of an element x to a fuzzy set �̃� 


�̃�
(𝑥) ∈ [0,1] holds (Bellmann/Zadeh 1970, Dubois/Ostasiewicz/Prade 2000, Dubois/Prade 

1980a, Pedrycz 1993, Piegat 2001, Wang/Chang 2000, Zimmermann 1996).16 Since {0,1} ⊂

[0,1] unambiguity is always a special case of fuzziness. 

Crisp rule systems usually use the modus (ponendo) ponens as an inference rule (Dubois/Prade 

1991, Mamdani 1981, Zimmermann 1987): it consists of (at least) two premises and one con-

clusion: 

                                                 

 

15 We refer here to the basic model of Vroom & Yetton, for such situations in which several coworkers are subor-

dinate to the supervisor (Vroom/Yetton 1973). 
16 See section 2.3 of this paper. 
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Premise 1: If 𝐴 then 𝐶  

Premise 2: 𝐴 is present 

Conclusion: It follows 𝐶 

This inference mechanism is also used in fuzzy control systems: 

Premise 1: If �̃� then �̃� 

Premise 2: �̃� is present 

Conclusion: It follows �̃� 

In the context of fuzzy control (Driankov/Hellendoorn/Reinfrank 1993), linguistic variables 

(for �̃� and �̃�) are often used. These represent quadruples (Dubois/Prade 1978, Spengler/Herzog 

2023, Zadeh 1975, 1987). They consist of the name of the linguistic variable, of the set of 

linguistic terms, of the base set on which the linguistic variable is defined, and of a semantic 

rule that assigns a membership function to each linguistic term. The design of an expert system 

based on fuzzy rules (Hall/Kandel 1991, Zimmermann 1996) is basically carried out in three 

steps: 

1. Step: Fuzzification of the rule input by constructing membership functions for the input 

variables. 

2. Step: Fuzzy inference (Bouchon-Meunier 1991, Dubois/Prade 1980b, Dubois/Prade 

1991, Fodor/Yager 2000, Klement/Mesiar/Pap 2004, Pap 2002, Piegat 2001, Schnei-

der/Kandel 1991, Yager 1980, Yager 1991, Zadeh 1983, Zimmermann 1996) by formu-

lating the rule base, applying the inference mechanism, and deriving the linguistic out-

put variables (including construction of corresponding membership functions). 

3. Step: Defuzzification of the fuzzy output. 

In the original model by Vroom & Yetton (1973), the leadership styles 𝐼1, 𝐼2, 𝐼3, 𝐼4 and 𝐼5 are 

discretely differentiated. Such a differentiation can also be implemented in the context of a 

fuzzy rule system by taking the effectiveness expressions �̃� of the different leadership styles as 

fuzzy conclusion variables of the rules in the form of singletons.17 In the present work, however, 

the aim is not to make a discrete but a continuous differentiation of leadership styles on the 

basis of a bipolar continuum of the participation rate (𝑥𝑃𝑅). At the poles of this continuum, 

                                                 

 

17 Singletons represent a special case of the fuzzy logic: These are one-element fuzzy sets for whose membership 

value 0 < 
𝐴
(𝑥∗) ≤ 1 holds (Piegat 2001). 
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𝑥𝑃𝑅 = 0 (completely authoritarian leadership) and 𝑥𝑃𝑅 = 1 (complete delegation of factual de-

cision-making) apply. The participation rate is used here as a linguistic variable with the lin-

guistic terms low, medium and high. 

In the original model (see chapter 3.2.2.4), the leadership situation is analyzed according to a 

total of seven determinants (𝐽1, 𝐽2, …, 𝐽7) in the form of questions, each of which is recorded 

dichotomously and must be answered with "yes" or "no". 𝐽1 is about the importance of the 

(factual) decision quality (𝐷𝑄), 𝐽2 about the adequacy of the supervisor's level of information 

(𝐼𝐿𝐿), 𝐽3 about the structuredness of the factual problem (𝑃𝑆), 𝐽4 about the importance of the 

acceptance of an authoritative decision (𝐼𝐴𝐴𝐷), 𝐽5 about the possibility of acceptance of an 

authoritatively made decision (𝑃𝐴𝐴𝐷), 𝐽6  about the goal orientation of the employees (𝐺𝑂) and 

𝐽7 about the expectation of evaluation conflicts among the employees (𝐶𝐸). In the fuzzy rule 

model to be formulated here, the evaluation of the corresponding questions or, more precisely, 

their truthfulness or degree of true 𝑥𝑑 ∈ [0,1] is not dichotomous, but in bipolar continua 

𝑥𝐷𝑄 , 𝑥𝐼𝐿𝐿, 𝑥𝑃𝑆, 𝑥𝐼𝐴𝐴𝐷 , 𝑥𝑃𝐴𝐴𝐷 , 𝑥𝐺𝑂 and 𝑥𝐶𝐸. We also model these as membership functions for the 

linguistic terms 𝑙 for criterion 𝑑 as follows (see figure 10): 

 

Figure 10: Graphs of the membership functions 

We assume such shapes of the membership functions, although we can also model other (e.g., 

piecewise continuous, bell-shaped, and trapezoidal) ones. 

For the purpose of leadership style selection, Vroom & Yetton bring a total of seven decision 

rules (𝐷𝑅1, 𝐷𝑅2, …, 𝐷𝑅7) into play in the version presented in section 3.2.2.4. However, in the 

fuzzy rule system to be formulated here, these are not constructed as singular rules, but as rule 
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blocks 𝐷𝑅𝑘 (𝑘 = 1, 2, … , 7), each composed of several rules differentiated (according to the 

combinations of linguistic terms).18 In the following, we use these symbols: 

𝐾 ≔ {𝑘|𝑘 = 1,… , 𝐾; 𝑘 is a rule block} 

𝑀𝑘 ≔ {𝑚 = 𝑀𝑘−1 + 1,𝑀𝑘−1

+ 2,… ,𝑀𝑘⌈𝑚 ∈ �̅�;𝑚 is a decision rule in block 𝑘 ∈ 𝐾;𝑀0 = 0} 

𝑀 ≔ ⋃ 𝑀𝑘𝑘𝜖𝐾  (Set of all decision rules) 

𝑃�̃�𝑘 ≔ fuzzy participation rate of decision rule block 𝑘 

𝑃�̃�𝑚
𝑘 ≔ fuzzy participation rate of decision rule 𝑚 ∈ 𝑀𝑘 in decision rule block 𝑘 ∈ 𝐾 

𝑃�̃�𝑡𝑜𝑡𝑎𝑙 ≔ total participation rate 

𝐷𝑂𝐹𝑚 ≔ degree of fulfillment of decision rule 𝑚𝜖𝑀𝑘 (𝑘 ∈ 𝐾) 

𝐷𝑂𝐹𝑡𝑜𝑡𝑎𝑙
𝑙,𝑘 ≔ total degree of fulfillment of linguistic term 𝑙 in decision rule block 𝑘 ∈ 𝐾 

Decision rule block 𝒌 = 𝟏: 

The decision rule block 𝑘 =  1 corresponds to the crisp information rule 𝐷𝑅1 from the basic 

model. This requires 𝐽1 ∧ ¬𝐽2 → ¬𝐼1. The fuzzy rule block 𝑘 =  1 now demands: 

𝐷�̃� ∧ 𝐼𝐿�̃� → 𝑃�̃�1  

Decision rule block 𝒌 = 𝟐: 

The decision rule block 𝑘 =  2 corresponds to the crisp confidence rule 𝐷𝑅2 from the basic 

model. This requires 𝐽1 ∧ ¬𝐽6 → ¬𝐼5. The fuzzy rule block 𝑘 =  2, on the other hand, now 

requires: 

𝐷�̃� ∧ 𝐺�̃� → 𝑃�̃�2  

Decision rule block 𝒌 = 𝟑: 

The decision rule block 𝑘 =  3 corresponds to the crisp structure rule 𝐷𝑅3 from the basic 

model. This requires 𝐽1 ∧ ¬𝐽2 ∧ ¬𝐽3 → ¬(𝐼1, 𝐼2, 𝐼3). The fuzzy rule block 𝑘 =  3, on the other 

hand, now requires: 

𝐷�̃� ∧ 𝐼𝐿�̃� ∧ 𝑃�̃� → 𝑃�̃�3  

Decision rule block 𝒌 = 𝟒: 

The decision rule block 𝑘 =  4 corresponds with the acceptance rule 𝐷𝑅4 from the basic model. 

This requires 𝐽4 ∧ ¬𝐽5 → ¬(𝐼1, 𝐼2). The fuzzy rule block 𝑘 =  4, on the other hand, requires 

now: 

                                                 

 

18 The rule system formulated by Siegling et al. (2023) comprises a total of 135 rules, which we cannot list indi-

vidually here for reasons of limited space. 
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𝐼𝐴𝐴�̃� ∧ 𝑃𝐴𝐴�̃� → 𝑃�̃�4  

Decision rule block 𝒌 = 𝟓: 

The decision rule block 𝑘 = 5 corresponds with the conflict rule 𝐷𝑅5 from the basic model. 

This requires  𝐽4 ∧ ¬𝐽5 ∧ 𝐽7 → ¬(𝐼1, 𝐼2, 𝐼3). The fuzzy rule block 𝑘 =  5, on the other hand, 

requires now: 

𝐼𝐴𝐴�̃� ∧ 𝑃𝐴𝐴�̃� ∧ 𝐶�̃� → 𝑃�̃�5  

Decision rule block 𝒌 = 𝟔: 

The decision rule block 𝑘 = 6 corresponds with the fairness rule 𝐷𝑅6 from the basic model. 

This requires 𝐽4 ∧ ¬𝐽5 ∧ ¬𝐽1 → ¬(𝐼1, 𝐼2, 𝐼3, 𝐼4). The fuzzy rule block 𝑘 =  6, on the other hand, 

requires now: 

𝐼𝐴𝐴�̃� ∧ 𝑃𝐴𝐴�̃� ∧ 𝐷�̃� → 𝑃�̃�6  

Decision rule block 𝒌 = 𝟕: 

The decision rule block 𝑘 = 7 corresponds with the acceptance prioritization rule 𝐷𝑅7 from 

the basic model. This requires 𝐽4 ∧ ¬𝐽5 ∧ 𝐽6 → ¬(𝐼1, 𝐼2, 𝐼3, 𝐼4). The fuzzy rule block  𝑘 =  7, on 

the other hand, requires now: 

𝐼𝐴𝐴�̃� ∧ 𝑃𝐴𝐴�̃� ∧ 𝐺�̃� → 𝑃�̃�7  

For the purpose of explanation and in order not to go beyond the scope, we show an example 

rule set from block 𝑘 = 1  below: 

Given two linguistic input variables and three linguistic terms each, there are a total of 9 rules 

𝑚 ∈ �̅�1. These are, for example: 

Rule 𝑚 ∈ �̅�1 𝐷�̃� 𝐼𝐿�̃� 𝑃�̃�𝑚
1  

1 low low medium 

2 medium low medium 

3 high low high 

4 low medium medium 

5 medium medium medium 

6 high medium high 

7 low high medium 

8 medium high medium 

9 high high low 

Table 3: Rule block 1 

We model the membership functions for the linguistic terms 𝑙 for criterion 𝑑 ∈ {𝐷𝑄, 𝐼𝐿𝐿} as 

follows: 

𝜇𝑑
𝑙𝑜𝑤(𝑥𝑑) = {

1            𝑓𝑜𝑟 0 ≤ 𝑥𝑑 ≤ 0.25
0.4−𝑥𝑑

0.15
   𝑓𝑜𝑟 0.25 < 𝑥𝑑 ≤ 0.4

0            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                    (44) 
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𝜇𝑑
𝑚𝑒𝑑𝑖𝑢𝑚(𝑥𝑑) = {

𝑥𝑑−0.25

0.25
   𝑓𝑜𝑟 0.25 ≤ 𝑥𝑑 ≤ 0.5

0.75−𝑥𝑑

0.25
   𝑓𝑜𝑟 0.5 < 𝑥𝑑 ≤ 0.75

0              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                    (45) 

 

𝜇𝑑
ℎ𝑖𝑔ℎ

(𝑥𝑑) = {

𝑥𝑑−0.6

0.15
   𝑓𝑜𝑟 0.6 ≤ 𝑥𝑑 ≤ 0.75

1            𝑓𝑜𝑟 0.75 < 𝑥𝑑 ≤ 1
0            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                    (46) 

 

For example, if 𝑥𝐷𝑄 = 0.7 and 𝑥𝐼𝐿𝐿 = 0.3, inserting in (44), (45) as well as (46) or from the 

graphs of the membership functions 𝜇𝐷�̃�
𝑙  and 𝜇𝐼𝐿�̃�

𝑙 , it follows that rules 2, 3, 5 and 6 are active 

(𝐷𝑂𝐹 > 0) and the others are inactive (𝐷𝑂𝐹 = 0) (see figure 11).  

 

Figure 11: Membership function of 𝐷�̃� and  𝐼𝐿�̃� of decision rule block 𝑘 = 1 

 

After processing all (seven) rule blocks, the total output and the membership function of the 

total participation rate can be derived. In the example of Siegling et al. (2023), the fuzzy output 

set is given by (see figure 12): 
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Figure 12: Membership function of 𝜇𝑃𝑅𝑡𝑜𝑡𝑎𝑙
𝑙 (𝑥𝑃𝑅𝑡𝑜𝑡𝑎𝑙) 

 

To obtain a precise conclusion, it may be useful to defuzzify the fuzzy total participation rate 

𝑃�̃�𝑡𝑜𝑡𝑎𝑙. For this purpose – if one follows the Time Investment Model (Vroom/Yetton 1973) – 

various maximum methods can be considered (Piegat 2001, Spengler/Herzog 2023). If the first-

of-maxima-method (respectively last-of-maxima-method) is chosen, for example, 𝑥𝑃𝑅𝑡𝑜𝑡𝑎𝑙 =

0.72 (respectively 1) see figure 12. On the other hand, if one follows the Time Efficient Model 

(Vroom/Yetton 1973), one would choose a minimum method: With the first-of-minimum 

method, 𝑥𝑃𝑅𝑡𝑜𝑡𝑎𝑙  would be 0 in the above example and 0.3 with last-of-minimum-method. 

However, in fuzzy control, the center-of-gravity-method is also frequently used. The center of 

gravity (COG) of an area can be understood as its center point. The COG of a membership 

function is the center of mass of the membership values. In order to compute centroids, one 

must determine first of all the contents of the area. As is well known, integral calculus is used 

for this purpose, especially for (at least partially) curved function graphs. For the exact proce-

dure in detail, see e.g. Spengler/Herzog (2023). The COG of the cited example is shown in 

figure 13: 
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Figure 13: Representation of the fuzzy output set and corresponding center of gravity 

𝑥𝑐𝑜𝑔 = 0.62 can then be interpreted as the mean participation rate in the example. 

4 Conclusion 

This overview article introduces basic models and approaches to personnel planning and lead-

ership. In the second chapter, we deal with availability problems and the associated methods of 

personnel planning. To this end, we first explain general and formal principles. Subsequently, 

we formulate various models for optimizing personnel and personnel assignment in crisp situ-

ations. We pay special attention to hierarchical planning. We then construct hierarchical plan-

ning models for the fuzzy case. 

Chapter 3 is devoted to leadership and therefore deals with functionality problems. Again, we 

first deal with conceptual and systematic foundations, including effective, efficient and optimal 

leadership. Subsequently, selected concepts of leadership are considered. These include various 

models for selecting leadership styles and so-called management by ... concepts. At the end of 

the third chapter, we outline a new fuzzy rule system for selecting leadership styles. Both the 

field of personnel planning and leadership are much more extensive than presented here. Con-

tinuous model extensions and complex interdependencies are the reason why it is hardly possi-

ble to address and conclusively discuss all relevant contents of personnel planning and leader-

ship in one paper. In the area of personnel planning, there are relevant models in addition to the 

approaches presented here, which are based on the implicit and explicit approach and contain 

corresponding extensions. In this respect, personnel planning models can be differentiated with 

regard to the following criteria: time reference (short-, medium- and long-term planning), pur-

pose reference (diagnostic, prognosis, decision and simulation models), target space (single- 

and multi-objective models), solution quality (heuristic and optimizing approaches), flexibility 
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(rigid and flexible planning approaches), degrees of freedom (strategic, tactical and operational 

planning), contingency (deterministic, stochastic and fuzzy approaches) and planning areas 

(isolated, integrated, successive and simultaneous personnel planning). In this article, only se-

lected model types are discussed for the solution of various availability problems. For a more 

comprehensive analysis of corresponding approaches, further studies based on this basic article 

would be recommended.  

In the area of leadership, we have presented basic management by ... concepts, as well as the 

managerial grid by Blake & Mouton (1964), the situational leadership theory by Hersey & 

Blanchard (1969), the 3D-Model by Reddin (1970) and the normative decision model by Vroom 

& Yetton (1973), each in its original form. We also briefly discussed model extensions and 

corrections that have already been made and that have meanwhile gained relevance in research. 

The underlying motivation theory and social psychological aspects are essential in the context 

of leadership (Heckhausen/Heckhausen 2018), but are mentioned at most in this overview arti-

cle for reasons of complexity. For example, we explain that, among other things, the degree of 

motivation determines the task-relevant maturity of an employee. However, which motivational 

aspects in the background are responsible for the corresponding expression (individual interest 

in the activity, desire for autonomous work, significance of the task, possibility of self-realiza-

tion and others (Hackman/Oldham 1976) and how this construct can be operationalized in order 

to be able to make an adequate assignment to the applicable leadership style as a supervisor 

remains open at this point. While this article provides an overview of relevant models for solv-

ing the problem of functionality, it is no substitute for an in-depth and interdisciplinary analysis 

of situationally effective and efficient leadership style selection.  

This overview article is a suitable paper for newcomers who want to enter the fields of personnel 

planning and leadership. Beyond selected relevant basics of personnel planning and leadership, 

this article introduces hierarchical planning and the conception of fuzzy rule systems for the 

selection of appropriate leadership styles. Corresponding considerations represent a new and 

innovative starting point for further research work. 
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Appendix 

Example 1: 

We consider 3 activities (𝑞 = 1,2,3) and 7 categories of workers (𝑟 = 1,2, … ,7). Table 4 shows 

the given demand for workers (𝑃𝐷𝑞)and the wage costs (𝑤𝑟) as well as the possibilities of each 

category of workers to perform the different activities [signed by crosses]: 

 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 5 𝑟 = 6 𝑟 = 7 𝑃𝐷𝑞 

𝑞 = 1 ×   × ×  × 75 

𝑞 = 2  ×  ×  × × 110 

𝑞 = 3   ×  × × × 62 

𝑤𝑟 8 8 8 9 9 9 10  

Table 4: Deployment possibilities and use possibilities 

Model I is shaped as follows: 

8 𝑃1 + 8 𝑃2 + 8 𝑃3 + 9 𝑃4 + 9 𝑃5 + 9 𝑃6 + 10 𝑃7 → min! 

subject to: 

75 ≤ 𝑃1 +  𝑃4 +  𝑃5 +  𝑃7 

110 ≤  𝑃2 +  𝑃4 +  𝑃6 +  𝑃7 

62 ≤  𝑃3 +  𝑃5 +  𝑃6 +  𝑃7 

185 ≤  𝑃1 +  𝑃2 +  𝑃4 +  𝑃5 +  𝑃6 +  𝑃7 

137 ≤  𝑃1 +  𝑃3 +  𝑃4 +  𝑃5 +  𝑃6 +  𝑃7 

172 ≤  𝑃2 +  𝑃3 +  𝑃4 +  𝑃5 +  𝑃6 +  𝑃7 

247 ≤  𝑃1 +  𝑃2 +  𝑃3 +  𝑃4 +  𝑃5 +  𝑃6 +  𝑃7 

 𝑃1, … ,  𝑃7 ≥ 0 

Optimal solution: 

Objective function value: 1976.0000 
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Variable Value 

𝑃1 75.000000 

𝑃2 110.000000 

𝑃3 62.000000 

𝑃4 0.000000 

𝑃5 0.000000 

𝑃6 0.000000 

𝑃7 0.000000 

 

Model II is shaped as follows: 

8 𝑃1 + 8 𝑃2 + 8 𝑃3 + 9 𝑃4 + 9 𝑃5 + 9 𝑃6 + 10 𝑃7 → min! 

subject to: 

75 =  𝐴𝑃11 +  𝐴𝑃41 +  𝐴𝑃51 +  𝐴𝑃71 

110 =  𝐴𝑃22 +  𝐴𝑃42 +  𝐴𝑃62 +  𝐴𝑃72 

62 =  𝐴𝑃33 +  𝐴𝑃53 +  𝐴𝑃63 +  𝐴𝑃73 

 𝐴𝑃11 ≤  𝑃1 

 𝐴𝑃22 ≤  𝑃2 

 𝐴𝑃33 ≤  𝑃3 

 𝐴𝑃41 +  𝐴𝑃42 ≤  𝑃4 

 𝐴𝑃51 +  𝐴𝑃53 ≤  𝑃5 

 𝐴𝑃62 +  𝐴𝑃63 ≤  𝑃6 

 𝐴𝑃71 +  𝐴𝑃72 +  𝐴𝑃73 ≤  𝑃7 

𝐴𝑃11, 𝐴𝑃41, 𝐴𝑃51, 𝐴𝑃71, 𝐴𝑃22, 𝐴𝑃42, 𝐴𝑃62, 𝐴𝑃72, 𝐴𝑃33, 𝐴𝑃53, 𝐴𝑃63, 𝐴𝑃73,  𝑃1, … ,  𝑃7 ≥ 0 

Optimal solution: 

Objective function value: 1976.0000 
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Variable Value Variable Value Variable Value 

𝑃1 75.000000 𝐴𝑃11 75.000000 𝐴𝑃72 0.000000 

𝑃2 110.000000 𝐴𝑃41 0.000000 𝐴𝑃33 62.000000 

𝑃3 62.000000 𝐴𝑃51 0.000000 𝐴𝑃53 0.000000 

𝑃4 0.000000 𝐴𝑃71 0.000000 𝐴𝑃63 0.000000 

𝑃5 0.000000 𝐴𝑃22 110.000000 𝐴𝑃73 0.000000 

𝑃6 0.000000 𝐴𝑃42 0.000000   

𝑃7 0.000000 𝐴𝑃62 0.000000   

 

Example 2: 

We take into account the data given in example 1, but we additionally consider the following 

productivity factors: 

 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 5 𝑟 = 6 𝑟 = 7 

𝛼𝑟 0.91 0.96 0.85 0.95 0.93 0.97 0.9 

Table 5: Productivity factors 

Model IV is shaped as follows: 

8 𝑃1 + 8 𝑃2 + 8 𝑃3 + 9 𝑃4 + 9 𝑃5 + 9 𝑃6 + 10 𝑃7 → min! 

subject to: 

75 ≤ 0.91 𝑃1 + 0.95  𝑃4 + 0.93 𝑃5 + 0.9 𝑃7 

110 ≤ 0.96 𝑃2 + 0.95 𝑃4 + 0.97 𝑃6 + 0.9 𝑃7 

62 ≤ 0.85 𝑃3 + 0.93 𝑃5 + 0.97 𝑃6 + 0.9 𝑃7 

185 ≤ 0.91 𝑃1 + 0.96 𝑃2 + 0.95 𝑃4 + 0.93 𝑃5 + 0.97 𝑃6 + 0.9 𝑃7 

137 ≤ 0.91 𝑃1 + 0.85 𝑃3 + 0.95 𝑃4 + 0.93 𝑃5 + 0.97 𝑃6 + 0.9 𝑃7 

172 ≤ 0.96 𝑃2 + 0.85 𝑃3 + 0.95 𝑃4 + 0.93 𝑃5 + 0.97 𝑃6 + 0.9 𝑃7 

247 ≤ 0.91 𝑃1 + 0.96 𝑃2 + 0.85 𝑃3 + 0.95 𝑃4 + 0.93 𝑃5 + 0.97 𝑃6 + 0.9 𝑃7 

 𝑃1, … ,  𝑃7 ≥ 0 

Optimal solution: 

Objective function value: 2151.2650 
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Variable Value 

𝑃1 82.417580 

𝑃2 114.583300 

𝑃3 0.000000 

𝑃4 0.000000 

𝑃5 0.000000 

𝑃6 63.917520 

𝑃7 0.000000 

 

Model V, which obviously is trivial in the case being under consideration, is shaped as follows: 

8 𝐴𝑃11 + 9 𝐴𝑃41 + 9 𝐴𝑃51 + 10 𝐴𝑃71 + 8 𝐴𝑃22 + 9 𝐴𝑃42 + 9 𝐴𝑃62 + 10 𝐴𝑃72 + 8 𝐴𝑃33 + 

+9 𝐴𝑃53 + 9 𝐴𝑃63 + 10 𝐴𝑃73 → min! 

subject to: 

0.91 𝐴𝑃11 + 0.95  𝐴𝑃41 + 0.93 𝐴𝑃51 + 0.9 𝐴𝑃71 = 75 

0.96 𝐴𝑃22 + 0.95 𝐴𝑃42 + 0.97 𝐴𝑃62 + 0.9 𝐴𝑃72 = 110 

0.85 𝐴𝑃33 + 0.93 𝐴𝑃53 + 0.97 𝐴𝑃63 + 0.9 𝐴𝑃73 = 62 

 𝐴𝑃11 ≤82.417580 

 𝐴𝑃22 ≤114.583300 

 𝐴𝑃33 ≤0 

 𝐴𝑃41 +  𝐴𝑃42 ≤ 0 

 𝐴𝑃51 +  𝐴𝑃53 ≤ 0 

 𝐴𝑃62 +  𝐴𝑃63 ≤ 63.917520 

 𝐴𝑃71 +  𝐴𝑃72 +  𝐴𝑃73 ≤0 

𝐴𝑃11, 𝐴𝑃41, 𝐴𝑃51, 𝐴𝑃71, 𝐴𝑃22, 𝐴𝑃42, 𝐴𝑃62, 𝐴𝑃72, 𝐴𝑃33, 𝐴𝑃53, 𝐴𝑃63, 𝐴𝑃73 ≥ 0 

Optimal solution: 

Objective function value: 2151.2650 
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Variable Value Variable Value 

𝐴𝑃11 82.417580 𝐴𝑃62 0.000000 

𝐴𝑃41 0.000000 𝐴𝑃72 0.000000 

𝐴𝑃51 0.000000 𝐴𝑃33 0.000000 

𝐴𝑃71 0.000000 𝐴𝑃53 0.000000 

𝐴𝑃22 114.583300 𝐴𝑃63 63.917520 

𝐴𝑃42 0.000000 𝐴𝑃73 0.000000 

 

Example 3: 

We consider the same wage costs, activities and categories of workers as in example 1. Table 

6 shows the given fuzzy personnel demands and table 7 shows the given fuzzy productivity 

factors: 

 𝑃�̃�𝑞 

𝑞 = 1 (72,80,18,20) 

𝑞 = 2 (108,116,27,19) 

𝑞 = 3 (60,64,15,16) 

Table 6: Fuzzy personnel demands 

 

 �̃�𝑟 

𝑟 = 1 (0.9,0.93,0.3,0.2) 

𝑟 = 2 (0.95,0.98,0.25,0.1) 

𝑟 = 3 (0.8,0.9,0.3,0.3) 

𝑟 = 4 (0.93,0.96,0.3,0.4) 

𝑟 = 5 (0.9,0.95,0.2,0.05) 

𝑟 = 6 (0.95,1.0,0.1,0.1) 

𝑟 = 7 (0.85,0.95,0.05,0.1) 

Table 7: Fuzzy productivity factors 

 

Model XII is shaped as follows: 

8 𝐴𝑃11 + 9 𝐴𝑃41 + 9 𝐴𝑃51 + 10 𝐴𝑃71 + 8 𝐴𝑃22 + 9 𝐴𝑃42 + 9 𝐴𝑃62 + 10 𝐴𝑃72 + 8 𝐴𝑃33 + 

+9 𝐴𝑃53 + 9 𝐴𝑃63 + 10 𝐴𝑃73 → min! 
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subject to: 

0.6 𝐴𝑃11 + 0.63  𝐴𝑃41 + 0.7 𝐴𝑃51 + 0.8 𝐴𝑃71 ≥ 54 

1.13 𝐴𝑃11 + 1.36  𝐴𝑃41 +  𝐴𝑃51 + 1.05 𝐴𝑃71 ≤ 100 

0.7 𝐴𝑃22 + 0.63 𝐴𝑃42 + 0.85 𝐴𝑃62 + 0.8 𝐴𝑃72 ≥ 81 

1.08 𝐴𝑃22 + 1.36 𝐴𝑃42 + 1.1 𝐴𝑃62 + 1.05 𝐴𝑃72 ≤ 135 

0.5 𝐴𝑃33 + 0.7 𝐴𝑃53 + 0.85 𝐴𝑃63 + 0.8 𝐴𝑃73 ≥ 45 

1.2 𝐴𝑃33 +  𝐴𝑃53 + 1.1 𝐴𝑃63 + 1.05 𝐴𝑃73 ≤ 80 

 𝐴𝑃11 ≤  𝑃1 

 𝐴𝑃22 ≤  𝑃2 

 𝐴𝑃33 ≤  𝑃3 

 𝐴𝑃41 +  𝐴𝑃42 ≤  𝑃4 

 𝐴𝑃51 +  𝐴𝑃53 ≤  𝑃5 

 𝐴𝑃62 +  𝐴𝑃63 ≤  𝑃6 

 𝐴𝑃71 +  𝐴𝑃72 +  𝐴𝑃73 ≤  𝑃7 

𝐴𝑃11, 𝐴𝑃41, 𝐴𝑃51, 𝐴𝑃71, 𝐴𝑃22, 𝐴𝑃42, 𝐴𝑃62, 𝐴𝑃72, 𝐴𝑃33, 𝐴𝑃53, 𝐴𝑃63, 𝐴𝑃73,  𝑃1, … ,  𝑃7 ≥ 0 

Optimal solution: 

Objective function value: 2009.1180 

Variable Value 

𝑃1 0.000000 

𝑃2 0.000000 

𝑃3 0.000000 

𝑃4 0.000000 

𝑃5 0.000000 

𝑃6 148.235300 

𝑃7 67.500000 
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Variable Value Variable Value 

𝐴𝑃11 0.000000 𝐴𝑃62 95.294110 

𝐴𝑃41 0.000000 𝐴𝑃72 0.000000 

𝐴𝑃51 0.000000 𝐴𝑃33 0.000000 

𝐴𝑃71 67.500000 𝐴𝑃53 0.000000 

𝐴𝑃22 0.000000 𝐴𝑃63 52.941170 

𝐴𝑃42 0.000000 𝐴𝑃73 0.000000 

 

Model XIII is shaped as follows: 

8 𝐴𝑃11 + 9 𝐴𝑃41 + 9 𝐴𝑃51 + 10 𝐴𝑃71 + 8 𝐴𝑃22 + 9 𝐴𝑃42 + 9 𝐴𝑃62 + 10 𝐴𝑃72 + 8 𝐴𝑃33 + 

+9 𝐴𝑃53 + 9 𝐴𝑃63 + 10 𝐴𝑃73 → min! 

subject to: 

0.6 𝐴𝑃11 + 0.63  𝐴𝑃41 + 0.7 𝐴𝑃51 + 0.8 𝐴𝑃71 ≥ 54 

1.13 𝐴𝑃11 + 1.36  𝐴𝑃41 +  𝐴𝑃51 + 1.05 𝐴𝑃71 ≤ 100 

0.7 𝐴𝑃22 + 0.63 𝐴𝑃42 + 0.85 𝐴𝑃62 + 0.8 𝐴𝑃72 ≥ 81 

1.08 𝐴𝑃22 + 1.36 𝐴𝑃42 + 1.1 𝐴𝑃62 + 1.05 𝐴𝑃72 ≤ 135 

0.5 𝐴𝑃33 + 0.7 𝐴𝑃53 + 0.85 𝐴𝑃63 + 0.8 𝐴𝑃73 ≥ 45 

1.2 𝐴𝑃33 +  𝐴𝑃53 + 1.1 𝐴𝑃63 + 1.05 𝐴𝑃73 ≤ 80 

 𝐴𝑃11 ≤  𝑃1 

 𝐴𝑃22 ≤  𝑃2 

 𝐴𝑃33 ≤  𝑃3 

 𝐴𝑃41 +  𝐴𝑃42 ≤  𝑃4 

 𝐴𝑃51 +  𝐴𝑃53 ≤  𝑃5 

 𝐴𝑃62 +  𝐴𝑃63 ≤  𝑃6 

 𝐴𝑃71 +  𝐴𝑃72 +  𝐴𝑃73 ≤  𝑃7 

0.9 𝐴𝑃11 + 0.93  𝐴𝑃41 + 0.9 𝐴𝑃51 + 0.85 𝐴𝑃71 ≥ 72 

0.93 𝐴𝑃11 + 0.96  𝐴𝑃41 + 0.95 𝐴𝑃51 + 0.95 𝐴𝑃71 ≤ 80 

0.95 𝐴𝑃22 + 0.93 𝐴𝑃42 + 0.95 𝐴𝑃62 + 0.85 𝐴𝑃72 ≥ 108 
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0.98 𝐴𝑃22 + 0.96 𝐴𝑃42 +  𝐴𝑃62 + 0.95 𝐴𝑃72 ≤ 116 

0.8 𝐴𝑃33 + 0.9 𝐴𝑃53 + 0.95 𝐴𝑃63 + 0.85 𝐴𝑃73 ≥ 60 

0.9 𝐴𝑃33 + 0.95 𝐴𝑃53 +  𝐴𝑃63 + 0.95 𝐴𝑃73 ≤ 64 

𝐴𝑃11, 𝐴𝑃41, 𝐴𝑃51, 𝐴𝑃71, 𝐴𝑃22, 𝐴𝑃42, 𝐴𝑃62, 𝐴𝑃72, 𝐴𝑃33, 𝐴𝑃53, 𝐴𝑃63, 𝐴𝑃73,  𝑃1, … ,  𝑃7 ≥ 0 

Optimal solution: 

Objective function value: 2187.3680 

Variable Value 

𝑃1 20.000010 

𝑃2 104.210500 

𝑃3 0.000000 

𝑃4 0.000000 

𝑃5 59.999990 

𝑃6 72.631580 

𝑃7 0.000000 

 

Variable Value Variable Value 

𝐴𝑃11 20.000010 𝐴𝑃62 9.473584 

𝐴𝑃41 0.000000 𝐴𝑃72 0.000000 

𝐴𝑃51 59.999990 𝐴𝑃33 0.000000 

𝐴𝑃71 0.000000 𝐴𝑃53 0.000000 

𝐴𝑃22 104.210500 𝐴𝑃63 63.157890 

𝐴𝑃42 0.000000 𝐴𝑃73 0.000000 

 

Model XIV is shaped as follows: 

𝜆 → max! 

subject to: 

0.6 𝐴𝑃11 + 0.63  𝐴𝑃41 + 0.7 𝐴𝑃51 + 0.8 𝐴𝑃71 ≥ 54 

1.13 𝐴𝑃11 + 1.36  𝐴𝑃41 +  𝐴𝑃51 + 1.05 𝐴𝑃71 ≤ 100 

0.7 𝐴𝑃22 + 0.63 𝐴𝑃42 + 0.85 𝐴𝑃62 + 0.8 𝐴𝑃72 ≥ 81 

1.08 𝐴𝑃22 + 1.36 𝐴𝑃42 + 1.1 𝐴𝑃62 + 1.05 𝐴𝑃72 ≤ 135 
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0.5 𝐴𝑃33 + 0.7 𝐴𝑃53 + 0.85 𝐴𝑃63 + 0.8 𝐴𝑃73 ≥ 45 

1.2 𝐴𝑃33 +  𝐴𝑃53 + 1.1 𝐴𝑃63 + 1.05 𝐴𝑃73 ≤ 80 

 𝐴𝑃11 ≤  𝑃1 

 𝐴𝑃22 ≤  𝑃2 

 𝐴𝑃33 ≤  𝑃3 

 𝐴𝑃41 +  𝐴𝑃42 ≤  𝑃4 

 𝐴𝑃51 +  𝐴𝑃53 ≤  𝑃5 

 𝐴𝑃62 +  𝐴𝑃63 ≤  𝑃6 

 𝐴𝑃71 +  𝐴𝑃72 +  𝐴𝑃73 ≤  𝑃7 

18 𝜆 − 0.9 𝐴𝑃11 − 0.93  𝐴𝑃41 − 0.9 𝐴𝑃51 − 0.85 𝐴𝑃71 ≤ −54 

20 𝜆 + 0.93 𝐴𝑃11 + 0.96  𝐴𝑃41 + 0.95 𝐴𝑃51 + 0.95 𝐴𝑃71 ≤ 100 

27 𝜆 − 0.95 𝐴𝑃22 − 0.93 𝐴𝑃42 − 0.95 𝐴𝑃62 − 0.85 𝐴𝑃72 ≤ −81 

19 𝜆 + 0.98 𝐴𝑃22 + 0.96 𝐴𝑃42 +  𝐴𝑃62 + 0.95 𝐴𝑃72 ≤ 135 

15 𝜆 − 0.8 𝐴𝑃33 − 0.9 𝐴𝑃53 − 0.95 𝐴𝑃63 − 0.85 𝐴𝑃73 ≤ −45 

16 𝜆 + 0.9 𝐴𝑃33 + 0.95 𝐴𝑃53 +  𝐴𝑃63 + 0.95 𝐴𝑃73 ≤ 80 

178.25 𝜆 + 8 𝐴𝑃11 + 9 𝐴𝑃41 + 9 𝐴𝑃51 + 10 𝐴𝑃71 + 8 𝐴𝑃22 + 9 𝐴𝑃42 + 9 𝐴𝑃62 + 

+10 𝐴𝑃72 + 8 𝐴𝑃33 + 9 𝐴𝑃53 + 9 𝐴𝑃63 + 10 𝐴𝑃73 ≤ 2187.368 

𝐴𝑃11, 𝐴𝑃41, 𝐴𝑃51, 𝐴𝑃71, 𝐴𝑃22, 𝐴𝑃42, 𝐴𝑃62, 𝐴𝑃72, 𝐴𝑃33, 𝐴𝑃53, 𝐴𝑃63, 𝐴𝑃73,  𝑃1, … ,  𝑃7, 𝜆 ≥ 0 

Optimal solution: 

Objective function value: 0.60204180 
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Variable Value 

𝜆 0.602042 

𝑃1 0.000000 

𝑃2 40.118320 

𝑃3 0.000000 

𝑃4 0.000000 

𝑃5 47.755210 

𝑃6 119.129800 

𝑃7 25.714190 

 

Variable Value Variable Value 

𝐴𝑃11 0.000000 𝐴𝑃62 62.255500 

𝐴𝑃41 0.000000 𝐴𝑃72 0.000000 

𝐴𝑃51 47.755210 𝐴𝑃33 0.000000 

𝐴𝑃71 25.714190 𝐴𝑃53 0.000000 

𝐴𝑃22 40.118320 𝐴𝑃63 56.874340 

𝐴𝑃42 0.000000 𝐴𝑃73 0.000000 
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